Exercises from Section 1.2.3

Tord M. Johnson

February 12, 2014

1. [10] The text says that a3 + az + - - 4+ ag = 0. What then, is ag + - + ag?

Z ak:():a1+ Z Qg

1<k<0 2<k<0

The identities

imply that

E a =a2 +---+ag = —aj.
2<k<0

2. [01] What does the notation »_, ;. a; mean, if n = 3.147

The notation Zl<j<n a; if n = 3.14 represents the sum of all a; such that 1 < j <n = 3.14, or
equivalently, j € {1,2,3}. That is,

E aj = a1 + a2 + as.
1<j<n

» 3. [13] Without using the > -notation, write out the equivalent of

1
Z 2n+1

0<n<5

and also the equivalent of
> st
5 .
0onP<s 2nc +1

Explain why the two results are different, in spite of rule (b).

For the first notation,

s 1 L.l 1111
ogn§52n+1 1 3 5 7 9 11

while for the second notation,
1 1 1 1 1 1
2 sericstatitity

0<n2<5
The two results are different, in spite of rule (b), as P(n) = n? is not a permutation, since P is
neither one-to-one (—12 = 12 serves as a counterexample) nor onto (there is no integer n such
that n? = 3).

4. [10] Without using the > -notation, write out the equivalent of each side of Eq. (10) as a sum of sums
for the case n = 3.

For n = 3, the equivalent of the left side of Eq. (10) is

3 i
Z Zaij = (a11) + (a21 + a22) + (as1 + as2 + ass)
i=1 j=1
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and of the right side is

3 3
Z Z = (a11 + a1 + as1) + (ag2 + aszz2) + (ass).
j=1i=j

5. [HM20] Prove that rule (a) is valid for arbitrary infinite series, provided the series converge.

Proposition. The distributive law, for the products of sums (ZR (i) ai) (Zs(j) ) =
ZR(l (ZS(]) a;b ) holds for arbitrary infinite series, provided the sums converge.

Proof. Assume that we have two infinite series a;, b; whose sums converge; that is, that

Sa=(jm ¥ w)+ (X w)=a

R(4) R(4) R(4)

0<i<n —n<i<0
and
Sty = (. 2 )+ (i X b) =
S(4) S(4)
O<]<’I’L —n<j<0

for arbitary limits «, 5. We must show that

(Z)(Er) ()

R(i) S() R(i) *S(5)
But
(Zai)(zbj):nlggo«z Y )T bj)>
R(3) () R(3) R(i) S(5) S()
0<i<n —n<i<0 0<j<n —n<j<0
=JLH;O((Z )(Z’”F > ) (Z ai)(zbﬁ > bj))
R(i) () SG) R(i) () S()
0<i<n 0<j<n —n<j<0 —n<i<0 0<j<n —n<j<0
—in (S Tour X o) 2 al(z b+ Y )
R(i) S() () R(i) ()
0<i<n 0<j<n —n<j<0 —n<i<0 O<g<n —n<j<0
cin (C(Tenr X oan)r X (T abs ¥ oan))
R(i) S(J) S(J5) R(i) S(j) S(J5)
0<i<n 0<j<n —n<j<0 —n<i<0 0<j<n —n<j<0
= 11_}111 ( Z ( alb) Z (Z aib]))
RG) “SG) RG) \S()
0<i<n —n<i<0
=3 ()
R(i) *S(j5)
as we needed to show. O

6. [HM20] Prove that rule (d) is valid for an arbitrary infinite series, provided that any three of the four
sums exist.

Proposition. Manipulating the domain, 3 ;) a;+3 505 4G = Xop(j)vs() Gt 2oR()rs() T
is valid for arbitrary infinite series, provided that any three of the four sums exist.
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Proof. Assume that R and S are arbitrary infinite series. We must show that if any
three of the sums Yy a5, D g(j) Qs 2op(j)vs() %is 2oR()As() i €Xist, then we may
manipulate the domain so that Y- p iy a;+> gy @5 = Xop(jyvs() @ T 2o r()ns() - 1t
is sufficient to show that the convergence of three sums is sufficient for the convergence
of the fourth.

Case 1. [ p(;) ), Dos(j) %s 2or(j)vs() @ converge] We must show that
Y R(j)As(j) i converges. But if the sums > p ) aj, > g ;) a; exist, then clearly
their conjunction ZRU)AS@ a; exists.

Case 2. [Dop(j) a5 Dos(j) % 2or(jns@) @ converge.] We must sow that
Yo Rr(j)vs(j) @i converges. But if the sums > p ) aj, > g ;) a; exist, then clearly
their disjunction -5y g(;) a; exists.

Case 3. [Yop(j) @ 2p(jjvsy) % 2or(G)ns() % converge] We must show

that > ;) a; converges. But if the conjunction }p)rg(;) @; exists, then
clearly the single sum > s(j) @ exists.

Case 4. [> 5.y, Dopvs() s 2or()nsy) % converge.] We must show
that > p ;) a; converges. But if the conjunction > p ), g(;) a; exists, then
clearly the single sum " p ) a; exists.

Therefore, in all cases, we have shown that the convergence of three sums is sufficient
for the convergence of the fourth. O

7. [HM23] Given that c is an integer, show that Y p ;) a; = > p._;) Gc—j, even if both series are infi-
nite.

Proposition. ZR(J-) a; = ZR(Cﬂ-) ac—j, even if both series are infinite.

Proof. Assume that R is an arbitrary relation. We must show that ZR(j) aj; = ZR(ij) Qe—j,
even if both series are infinite. Since R'(j) = ¢ — j is a permutation of the integers,
proving the finite case, we must show the infinite case. But

2, i = (Ji“éo 2 “j)*(nlzﬁ.; > )

R(j) R(j) R(5)

0<j<n —n<j<0

(i S w) (i X e
R(c—j) R(c—j)
0<c—j<n —n<c—3<0

= Z e—j

R(c—j)
as we needed to show. O

8. [HM25] Find an example of infinite series in which Eq. (7) is false.
An example of an infinite series in which }°p ) X5y @i # 2os(j) 2or(s) %ij 1S given by
1 ifi-1=j

Qi = 1 ifi+1= j
0 otherwise
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for S(i) =i >0, R(j) =j > 0. Then

DD g =lm > > ey

R(i) S(5) 0<i<n 0<j<n
= lim< E E a;; + E g aij)
n—o0o
0<i<10<j<n 1<i<n 0<j<n

:JL“;O<“01+ > 2 %')

1<i<n 0<j<n

dm (1 3 )
1<i<n 0<j<n

=1

and

DD ap=lm >, ) ey

S(3) R(%) 0<j<n 0<i<n
= lim ( E E aij + E E aij)
n— oo
0<j<10<i<n 1<j<n 0<i<n

= nlgr;o (am + Z Z aij)

1<j<n 0<i<n

1<j<n 0<i<n
=1

» 9. [05] Is the derivation of Eq. (14) valid even if n = —17

No, the derivation for Eq. (14) is not valid if n = —1, since the application of rule (d) assumes
n > 0. That is, if n = —1
Z ar? #a+ Z ax’
0<j<—1 1<j<—1

(depsite the fact that > oo, ard =0 = a(l_””f1+1 ).

1—z

10. [05] Is the derivation of Eq. (14) valid even if n = —27

No, the derivation for Eq. (14) is not valid if n = —2, since the application of rule (d) assumes
n > 0. That is, if n = -2
Z ar’ #a+ Z az’.
0<j<—2 1<j<—2

11. [08] What should the right-hand side of Eq. (14) be if x = 17
In the case x =1

Z ax? = Z a(1)?

0<j<n 0<j<n

Il
E)
+
=
8

12. [10] Whatis 1+ % + g5 + 555 + - + (3)"7
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The sum 1+ % + 4 + 22 4+ ... + (1) is simply a geometric progression whose closed form is
given by Eq. (14) with a =1 and o = % This yields

0<j<n %
-
6/7
7 n+1

13. [10] Using Eq. (15) and assuming that m < n, evaluate > . j.

dod= Y- > g

m<j<n  0<j<n  0<j<m-1

Since

we can use Eq. (15) with a =0 and b =1 to evaluate each term on the right-hand side as

Sodi= D> 0= >

m<j<n  0<j<n  0<j<m-—1
1 1
= §n(n—|— 1) — §(m —1)m
1
= §(n(n +1)—m(m—1)).

14. [11] Using the result of the previous exercise, evaluate Y7, >77_ jk.

Since >, <j<c,d = 2(n(n+1) —m(m — 1)), we can evaluate the sum as

|
(]

>, D gk >k

B e )

((nn+1)=m(m—=1))(s(s+ 1) —r(r—1))).

I
=~ =
| =

» 15. [M22] Compute the sum 1 x 2+ 2 x 2% 43 x 23 + -+ +n x 2" for small values of n. Do you see the
pattern developing in these numbers? If not, discover it by manipulations similar to those leading up to Eq.
(14).



Exercises from Section 1.2.3

We can manipulate the sum as

SookF=0+ > ko

0<k<n 1<k<n

:Zka

1<k<n

=2 Z g2kt

1<k<n

=2 > (k+1)2*

0<k<n—1

=2 > k24 D 2

0<k<n—1 0<k<n—1

=2( Y k2F-m2ny ) 2F

0<k<n 0<k<n—1

=2 > k2F-mn2"—(1-2")
0<k<n
=2 ) k2F—p2rtl - (22",
0<k<n

Comparing the first with the last yields

Z k2k — n2n+1 + 2 _ 2n+1
0<k<n
— 2(n2" — 2" 4 1).

16. [M22] Prove that

i: . nmn+2 _ (TL + 1)$n+1 +x
xTrd =

if  # 1, without using mathematical induction.

. n+2 n+1 .
Proposition. } ., jz’ = = (i;"jll))f tE fr A1
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Proof. Assume that x # 1, n > 0. Then

Z jol =0+ Z jad

0<j<n 1<j<n
= E jx‘]
1<j<n
=z E gt
1<j<n
=z E (j+ 1o’
0<j<n—1
=z E jxt 4+ E z?
0<j<n—1 0<j<n—1
=z E jx? —nz" 4+ E !
0<j<n 0<j<n—1
o 1—2"
=z E jx? —nz" 4+ 1
—x
0<j<n
o 1—2"
=z E jad —na"t 4+ o .
, 1—=
0<j<n

Comparing the first relation with the last, we have
1—2"

(1-2x) Z jad = —na"t 4 2 T

0<j<n

hence we obtain the formula

n+1 n
ijj:f(lf:v)nx Jrzlfsr

2 — 2
2= (A
—na" T a2 4o — pnt!
B (1—x)?
~na"?— (n+ 1"t o
(1—x)?
as we needed to show. O

» 17. [M00] Let S be a set of integers. What is 37 517
> jes 1 1s the cardinality—the number of elements—of S; that is,

di=|s.

JjES

18. [M20] Show how to interchange the order of summation as in Eq. (9) given that R(4) is the relation “n
is a multiple of ¢” and S(i, ) is the relation “1 < j < 4.”

In Eq. (9), we have
DD =) > ay

R(i) S(i,5) S’(§) R (4,5)
for S'(j) = (3i)(R(i) A S(i,5)) and R'(i,§) = R(i) A S(i, ).
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S'(4) = Fi)(R(i) A S(i, 5))
=(F)((Fk)(ki=n)A1<j<i)
=1<j<n fori<n,k>1

and

R'(i, j) = R(i) A S(i, )
= (k) (ki=n)AL<j<i
=(Fk)(ki=n)ANj<i;

—~ o~

that is, S’(j) the relation “1 < j < n” and R/(4,j) the relation “n is a multiple of ¢ and ¢ > j.”
19. [20] What is Z?:m(aj - aj_l)?
We have that

Y (aj—aj)= Y ai— Y aj

m<j<n m<j<n m<j<n
= E a; — E a;
m<j<n m—1<j<n—1
= E aj — Q-1 — E a; + an
m<j<n m<j<n

= OGnp — Gm—1

assuming m < n.

» 20. [25] Dr. I. J. Matrix has observed a remarkable sequence of formulas:
9x1+2=11,9%x124+3=111,9 x 123 +4 =1111,9 x 1234 + 5 = 11111.

a. Write the good doctor’s great discovery in terms of the ) -notation.

b. Your answer to part (a) undoubtedly involves the number 10 as a base of the decimal system; generalize
this formula so that you get a formula that will perhaps work in any base b.

c¢. Prove your formula from part (b) by using formulas derived in the text or in exercise 16 above.
The remarkable sequence of formulas observed by Dr. 1. J. Matrix are analyzed below.

a. The good doctor’s great discovery in terms of the > -notation is

(10-1) > (n=k)10*F+n+1= > 10~

0<k<n 0<k<n

b. The above formula may be generalized for perhaps any base b as

b=1) > (—kpr+nt1= > "

0<k<n 0<k<n

c. We may prove the above formula.

Proposition. (b—1)3 )<, (n — k)b +n+1= Y 0<k<n bk,
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Proof. Assume an arbitrary base b > 2, and n > 0. We must show that

b-1) Y (n—kpr+n+1= Y "

0<k<n 0<k<n
But
b—=1) Y (n—kpF+n+1
0<k<n
b= n > b= > k| +n+1
0<k<n 0<k<n
1—pt! k
0<k<n
1—pntt nb"t2 — (n+1)b" Tt + b
-1 ) - 1
~oen (o (55) - () e
n(__ 1 _1
n(b”+1—1)+b<b( nbb—i—inl-i- ) )—f—n—i—l
n+1 _
_ "4 b(n+1)+n+1
b—1
1—pmt!
1-b
= Z bk

0<k<n

as we needed to show.
» 21. [M25] Derive rule (d) from (8) and (17).
We may derive rule (d) for manipulating the domain
So Y- X v ¥
R(j) S@) R(H)VS(5) RGNS ()

from Eq. (8)

Shite)=> b+ e

R(3) R(i) R(3)

> a; =Y aj[R(j)]
R(j5) J

Given that [p] + [g] = [pV q] + [p A g, as evidenced by the following table

and Eq. (17)

[l gl [pl+lad [pvd [pAgq [pVa+IpAd
0 0 0 0 0 0
0 1 1 1 0 1
1 0 1 1 0 1
11 2 1 1 2

by Eq. (14)

by exercise 16

by Eq. (14)
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we have

daj+> a;=> a[RG)+ Y a;[S()] by Eq. (17)
R(j) S(7) J J
= > (@ [RG)] + a;[SG) by Eq. (8)
= > a((RG) + [SG))

- Zaj([R(j) v S+ [R(5) A S

:Zaj[R(j)\/S(J’)]JFZ%[R(J')ASU)] by Eq. (8)
= Z a; + Z aj. by Eq. (17)
R(H)VS(5) R(5)AS(5)

» 22. [20] State the appropriate analogs of Egs. (5), (7), (8), and (11) for products instead of sums.
We have the following analogs for products: change of variable:
o= T1- 1T o
R(i) R(j)  R(p()
interchanging order of production:
I I o = 1 I o
R(i) S(j) S(7) R(i)
a special case of the above:
[T =110 |11 |:
R(i) R(i) R(i)

and manipulating the domain:

Do) (e )= T o) I «

R(7) S(7) R(H)VS(5) RGNS ()
23. [10] Explain why it is a good idea to define ZR(j) a; and HR(j) a; as zero and one, respectively, when
no integers satisify R(j).

It is a good idea to define Zjew a; =0 and Hje@ a; =1 as they are the identity elements for the
operations of addition and multiplication, respectively. This way, Zj co @i+ R(G) T = > R()

and (e @) (T a5) = Mgy 05

24. [20] Suppose that R(j) is true for only finitely many j. By induction on the number of integers satisfying
R(j), prove that log, [Tz aj = >p(;(logy a;), assuming that all a; > 0.

Proposition. log, [ a; = > ;) (logy ;) for all a; > 0.
Proof. Suppose a; > 0 for 0 < j < n. We must show that log, [ [o<;<,, aj = > o< <, (l0g;, a;).
If n =0, clearly log, [Ty« ;<o a; =1log, ao = > g<,<o(log, a;). Then, assuming

log,, H a; = Z (log a;),

0<j<k 0<j<k
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we must show that

log;, H a; = Z (logy, a;).

0<j<k+1 0<j<k+1
But
log,, H aj = logy | ar41 H a;
0<j<k+1 0<j<k
= log, H a; + logy k41
0<j<k
= Y (log, a;) + log, ar 41
0<j<k
= > (log,a)
0<j<k+1
as we needed to show. O

» 25. [15] Consider the following derivation; is anything amiss?
n n @ @ n
74 'L _
(Ee)(Tr)-Z T 2-%y ¥ E-ya-
i=1 7=1 1<i<n 1<]<n 1<i<n 1<’L<’I’L i=1

Yes. For one,

DOEDDI LD OED Dl

1<i<n 1<j<TL 1<i<n 1<i<n

and for another,

POEDI ¢Zl

1<i<n 1<i<n i
(in fact, 351 cjcp Dicicn o = S n=n?).

26. [25] Show that JT;", H;ZO a;a; may be expressed in terms of [} ;a; by manipulating the [-notation
as stated in exercise 22.

n+2
Proposition. [, [o<;<; @ia; = (Hogign ai> .

n—+2
Proof. We must show that [[,-,<,, [[o<j<; aia; = (Hogign ai) .

First note that
H H a;a; = H H a;aj;

0<i<n 0<j<i 0<i<ni<j<n
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and then that

II I aa

0<i<n 0<5<i

II II aa

0<i<n 0<5<i

12

II I aa

0<i<n 0<;<i

- T1 ({0 o) ( IT e
0<i<n 0<j<i 0<j<t
= T0 (( IT e ) [ T o
0<i<n 0<j<i i<j<n
- T0 ([ IT e )
0<i<n 0<ji<n
=| II II oo
0<i<n 0<j<n 0<z<n
_ n+1 .
= 11 II o II @
0<i<n 0<j<n 0<i<n
n+1
=| II « II ITw||I]a«
0<i<n 0<i<n 0<j<n 0<i<n
n+1 n+1 2
() (1w .
0<i<n 0<j<n 0<i<n
2n+4
=| II «
0<i<n
Therefore,
n+2
[T o= T o
0<i<n 0<j<i 0<i<n
as we needed to show. O

27. [M20] Generalize the result of exercise 1.2.1-9 by proving that

n

Hl—aj >1—Zaj7

Jj=1

assuming that 0 < a; < 1.

Proposition. [[, ., (1—a;)>1-3" ., a; if0<a; <1.

Proof. Let 0 < a; <1for1l<j<mn,n>0. We must show that

H (1—aj)21— Z a;.

1<j<n 1<j<n
If n =0, then clearly [[, ., (1 —a;) =1>1=1-3%7,_. a;. Then, assuming
I[ITa-ap=1-3" a,
1<j<k 1<i<k
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we must show that

H (17&j)217 Z a;.

1< <k+1 1<j<k+1
But since api1 Eo<j<k ap > 1,

H (1—ay) = H (I —a;) | (1= akrs1)

1<j<k+1 1<5<k
> 1= Z aj | (1 —ak+1)
1<5<k
=11- Z a; | — | ary1 — ag Z a;
1<j<k 0<j<k
=1- Z aj — Qg1 + Gkt Z ag
0<j<k 0<j<k
>1-— Z a; + ap41
0<5<k
=1- > 4
1<j<k+1
as we needed to show. O]
28. [M22] Find a simple formula for H;.Lzz(l —1/5%).
We find that
1 j2—1
H (1- 372) = H 42
2<j<n 2<j<n
1 . .
= II =) { Il G-vG+D
2<j<n’ 2<j<n

2

I
—
—

|
7N
| —
\_/‘
[\v]
—
3
I
—_
=
—~
S
_|_
—_
=

> 29. [M30] (a) Express Y ., Z;:o Zi:o a;ajay in terms of the multiple-sum notation explained at the
end of the section. (b) Express the same sum in terms of " a;, > i a?, and > ., af [see Eq. (13)].

a. We can express the sum in terms of the multiple-sum notation as

Z Z Z ;G0 = E aiQjaf.

0<i<n 0<j<i 0<k<j 0<k<j<i<n

b. From Eq. (13) for arbitrary ¢ > 0 we have
2

1
Yoo D wa=g || > ow| + Y d

0<j<i—10<k<j 0<j<i—1 0<j<i—1
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or equivalently
2

Z aj =2 Z Zajakf Z a?.

0<j<i—1 0<yj<i—10<k<y 0<j<i—1

Also for arbitrary i > 0 we have that

3

>

0<j<i
3
= E a; +a;
0<j<i—1
3 2
= E aj | +3a; aj | +3a? E aj + a’
J g J % J )
0<j<i—1 0<j<i—1 0<j<i—1
3
_ ‘ 4 o 2 2 43
= E aj | +3a; |2 ajay E aj | + 3a; E aj + a;
0<j<i—1 0<j<i—10<k<j 0<j<i—1 0<j<i-1
3
= E aj +6 a;ajar — 3 E ala +3 E aaj—i—a
0<j<i—1 0<j<i—10<k<j 0<j<i—1 0<j<i—1
3
= E a;j | +6 aja;a — 3 g aa +3 E ata; + a3
0<j<i—1 0<j<i—10<k<j 0<j<i 0<j<i
3
= E aj | +6 E E a;ajap — 6 E afaj—?) E aia?—&—i’) E a?aj—&—a?
0<j<i—1 0<j<i0<k<j 0<j<i 0<j<i 0<j<i
3
2 2 3
= E aj | +6 g g a;ajar — 3 g a;a; —3 g a;a; + a;
0<j<i—1 0<j<i0<k<j 0<j<i 0<j<i
3
= E a;j | +6 E E a;ajar — 3 E a;aj(a; +a;) +a
0<j<i—1 0<j<i0<k<j 0<j<i

and in the trivial case for ¢ = 0 that

3
Z aj | =aj=(0)*+6a) —3(2)a3 + aj
0<j<i
so that
3 3
6 Z Z a;a;a, = Z a; | — Z a; | +3 Z aaj(a; +aj) —a}
0<j<i 0<k<j 0<j<i 0<j<i—1 0<j<i

and so that for 0 <4 <n we have 63 ;< > o< j<i 2o<k<; i@k equivalent to

3 3

Z Z Qj - Z aj; +3 Z Z aiaj(ai+(lj)— Z a?.

0<i<n 0<j<i 0<j<i—1 0<i<n 0<j<i 0<i<n
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We may also prove by induction that

3 3 3

PN N IO Bl D SRS I el WD

0<i<n 0<5<i 0<j<i—1 0<i<n

If n = 0, clearly a3 — (0) = a3. Then, assuming

3 3 3
E E aj — E aj = a;
0<i<k 0<5<i 0<j<i—1 0<i<k
we must show that
3 3 3
E E G,j — E aj = E a;
0<i<k+1 0<5<i 0<j<i—1 0<i<k+1
But
3 3
E E G,j — E aj
0<i<k+1 0<j<i 0<j<i—1

>

0<j<k+1 0<j<k

I
(]
(]
2
[
(]
£
w
~—
_|_
w
[
(]
£

3 3 3

I
g
-
N
g

3

I
(]

0<j<k+1

And so finally, we have that

3

6 Z Z Z a;a;ja, = Z a; | +3 Z Z a;a;(a; + a;) — Z a?

0<i<n 0<j<i0<k<j 0<i<n 0<i<n 0<;<i 0<i<n
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and

6 Z Z Z a;a;a

0<i<n 0<j<i 0<k<j

3
3
= g a; | +3 E E a;aj(a; +a;) — g a;
0<i<n 0<i<n 0<;j<i 0<i<n
3
3
= E a; | + E E a;a;(a; +aj) — E a; +2 E E a;a;(a; + aj)
0<i<n 0<i<n 0<j<i 0<i<n 0<i<n 0<j<i
3
1 1
= E a; + E 5 E aiaj(ai—i—aj)—ki E aiaj(ai—kaj)
0<i<n 0<i<n 0<j<i 1<j<n
3
- g a; +2 E E a;a;(a; + aj)
0<i<n 0<i<n 0<j<i
3
1 1
2 2 3
= > a] + D 3 > aiay + 5 > dia; +aj
0<i<n 0<i<n 0<5<n 0<5<n
3
- g a; + 2 E E a;aj(a; + aj)
0<i<n 0<i<n 0<j<i
3
2 3 3
e E a; | + E a; E a; | + E a; — E ai+2g E a;aj(a; + a;)
0<i<n 0<i<n 0<i<n 0<i<n 0<i<n 0<i<n 0<5<1
3
2
= g a; | + E a; g a; | +2 g g a;a;(a; + aj)
0<i<n 0<i<n 0<i<n 0<i<n 0<j<i
3
2
= E a; | + E a; E a; | + E E a;aj(a; +aj) + E a;aj(a; + aj)
0<i<n 0<i<n 0<i<n 0<i<n \0<5<i i<j<n
3
2 3
= E a; | + E a; g aj | + E g a;aj(a; + aj) + 2a;
0<i<n 0<i<n 0<i<n 0<i<n \0<j<n
3
2 2 2 3
= E a; | + E a; E a; —i—E E aiaj—i—g E aiaj—|—2g a;
0<i<n 0<i<n 0<i<n 0<i<n 0<5<n 0<i<n 0<5<n 0<i<n
3
2 2
= gai + Eai gai +2 Eai Eai —&—25&?
0<i<n 0<i<n 0<i<n 0<i<n 0<i<n 0<i<n
3
= E a; | +3 E a; E a? —1—25 a’
0<i<n 0<i<n 0<i<n 0<i<n

Therefore,

Q| =

Z Z Zai%‘ak=% Zai +% Zai Zaf +

0<i<n 0<j<i 0<k<j 0<i<n 0<i<n 0<i<n 0<i<n
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» 30. [M23] (J. Binet, 1812.) Without using induction, prove the identity

(Z: aﬂj) (2:; bj%‘) = (z:; ajyj) (2: bﬂ?j) + D (agbe — aby)(@jyn — zry;).

1<j<k<n

[An important special case arises when wy,..., Wy, 21,...,2, are aribtrary complex numbers and we set
aj = wj, by = Zj, xj = W, yj = 2

n n n
2 2
(St ) (She) =X s
=1 =1 j=1
The terms |wj2j|2 are nonnegative, so the famous Cauchy-Schwarz inequality

<i|w12> <i|zj|2> > g:lezj

2
- 212
+ g lw;Z — wiZ;|.
1<j<k<n

2

is a consequence of Binet’s formula.]

Proposition. (Z1§jgn ajxj) (Zlgjgn bjyj) = (E1§jgn ajyj> (Elgjgn bjxj)‘FZlSan Zj<k§n(ajbk_
arb;) Ty, — TkY;)-

Proof. We need to show that

Z a;x; Z bjy; | = Z a;y; Z bjx; |+ Z Z (ajbp—arb;)(z;jyr—zry;).

1<j<n 1<j<n 1<j<n 1<j<n 1<j<n j<k<n
But
Y > (agbi — arby)(wjy — zry;)
1<j<n j<k<n
= Z Z a;br(Tjye — T1Y;) — Z Z arb;(T;ye — T1Y;)
1<j<n j<k<n 1<j<n j<k<n
= > > aibemiye —xry) + Y>> arbi(zRy; — zuk)
1<j<n j<k<n 1<j<nj<k<n
= > Y aibr(miye —zy) + D> > ajbe(aiye — Tay;)
1<j<n j<k<n 1<k<n k<j<n
= 3D abelrye—wy) + Y, D agbe(ayn — wayy)
1<j<n j<k<n 1<j<n 1<k<j
= > > aibilajye —ary) 0+ > Y aibilaiuk — wry;)
1<j<n 1<k<j 1<j<n j<k<n
= > > abklay —yim) + Y agbi(wy; — i)+ D> Y asbi(@ys — yie)
1<j<n 1<k<j 1<j<n 1<j<nj<k<n

= D> > asbilayye —yia)

1<j<n 1<k<n

= Z Z ajijkyk_ Z Z ajyjbkxk

1<j<n 1<k<n 1<j<n 1<k<n
= E a;T; E bjy; | — E a;y; E bjx;
1<j<n 1<j<n 1<j<n 1<j<n

as we needed to show. O
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31. [M20] Use Binet’s formula to express the sum » ;..o (u; — ug)(v; — vg) in terms of Z?Zl U;V;,
> i1 uj, and 3T vj.

We want to find an expression for

DY (uy—uw) (v —vk)

1<jn j<k<n

in terms of Z1gjgn u;jvj, E1§j§n uj, and Zlgjgn V-

From Binet’s formula we have that

SN (abe—arby)(@jye—ary) = | Y aja; S obiyi |- Y a; > bz,

1<j<n j<k<n 1<j<n 1<j<n 1<j<n 1<j<n

If we let a; = uj, ; = vj;, and b; = y; = 1, we find

D> (=) (v — k)

1<j<n j<k<n
= E Uj’Uj E 1 — E Uj E ’Uj
1<j<n 1<j<n 1<j<n 1<j<n
=n E Ujv; — E Uj E Uj
1<j<n 1<j<n 1<j<n

[See Soobschch. Mat. Obschch. Khar’kovskom Univ. 4, 2 (1882), 93-98.]
32. [M20] Prove that

n m
Hzaij: Z Qiy1 -+ G-
j=1i=1

1<iy, .. in<m

Proposition. ngjgn Z1§ij§m ai; = Zlgil,...,ingm Wiyl - Qi -

Proof. We need to show that

H E aijj = E Ai 1 .- -Ai,n-

1<j<n 1<ij<m 1<iy,..in<m

Ifn=1,clearly Y ; <, @i;1 = D 1<i <pm @iy1- Then, assuming that

H E aijj = E Qi1 -+ Ak

1<j<k 1<i;<m 1<it,..ip<m

we must show that

H E ai].j = E 51 ...aik+1(k+1).

1<j<k+11<i;<m 1<i1,.cyinpr<m



Exercises from Section 1.2.3 19

But
H E Aj;5 = H E Qs ;5 E Qjpy g (k+1)
1<j<k+11<i;<m 1<j<k 1<i;<m 1<ijpp1<m
= E iy 1 - - Qg E Qg g (k+1)
1<iy, .., ig<m 1<ig41<m
= E Qiy1 - gy (k1)
1<i1,..ik+1Sm

as we needed to show. O]

» 33. [M30] One evening Dr. Matrix discovered some formulas that might even be classed as more
remarkable than those of exercise 20:

1 1 1
=0
(a—=b)la—c) (b—a)b—c) (c—a)(c—0) ’
a b c
+ =0,
(a=b)la=c) (b—a)b—c) (c—a)(c=D)
a® b? c?
+ =1,
(a=b)(a—c) (b—a)b—c) (c—a)(c—0)
a? b3 c?
= b+ c.
@ Da-o b-ab-0 c-af_p *T0F¢
Prove that these formulas are a special case of a general law; let x1, o, ..., z, be distinct numbers, and show
that
n 0, ifo<r<n-—1,
(mg/ H (wj—:c;g)>= 1, ifr=n-—1;
J=1 1%];%" Z?:l Zj, if r =n.
‘ 0 ifo<r<n-—1
Proposition. Zlgign m =<1 ifr=n—1 if 21, @ay ... Ty
g7 Di<icnTi r=mn

distinct.

Proof. For an arbitrary series of distinct numbers x;, 1 < ¢ < n, and for an arbitrary
t, 1 <o <mn,let Pz,) =] for 0 < r <mn, and Q(z,) = [[i<i<n(x, — ;). By the
i

1FEL
fundamental theorem of algebra and the method of partial fractions, since r = deg P <
deg Q + 1 = n, we have that

P(x,) x Ci
= =D(z,) + §
Q(z.) ng;gn(xb — ;) e Tk
Lk G

for constants ¢;, where D(z,) is the polynomial divisor with remainder R(z,) such that
P(.I?L) = D(xL)Q(mL) + R(]"L) deg R < deg Q)
By polynomial division, we have

0 if0<r=degP <degQ=mn-—1
D(z,) =141 ifr=degP =deg@Q=n-—1
Z1§i§nxi ifr=degP=deg@Q+1=n
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Also, for an arbitrary x, 1 < k < n, we have

xT

o
L = D(z,) + ¢
1L
x’ C; Cr
= - = D(z,) + +
(o0 — o) izt —z) ) I;R T T~ T
7L T
Cald I#ERK
r _ . —
= nln o) — (@ = 2)D() + (o —an) Y — . el )
(@ — @) [Ti<icn (@ — 25) e Tk TR TRk
Z';éL 7‘7477'74
I#K i
1#ER
— a (0~ 2 )D(w) + (2 —2) Y —S
=\r, — X xr, — & C
ngign(mb - xl) ‘ " ‘ ‘ . 1<5< Ty, — Tg "
i P
Gl itk
= ¢ = A + (x4 — x,)D(z,) + (z x)z G
" Theign(@ —z) 0 T R R
i i
Gals 1#R
Letting ¢« = k, we find
Tk (@ - ) Dlw) + ( — 72)
Cr = L — X X L — T
" ngign(xm - l‘z‘) " " " . " I T — T4
i?élﬁ‘/ f7/_77/
1#£K
_ Ty
[Ti<i<n(zg — ;)
1#£K
And so
bl C;
=D(z,) +
[Li<i<n(z, — 24) (@) 1<;n T, — T
Bl it
xr
=D(z,) + t
(&) Sz @o—ai) [hicj<n(zi — @)
it J#
z"
= D(z !
) 1<i<n (i —x.) Hlf.jf,"(xi - )
e 7

or equivalently

xr
= 2 + J
[li<icn(@, —2:) 1<Zz'<n (i — x,) [li<j<n (@i — ;)
iF#L ' VE)
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letting ¢ = n yields

D(z,,)
o\ e R DD .
[hi<isn(en —zi) 52 (2 = 2n) [i<j<nl@i — 7))
n <i<n R
i#En in j#i
' '

_ Z Ty + Tn

1<i<n—1 (@i —an) [licjen (@i —25)  Thicicpo(@n — 1)

J#i
di<i<n-1 ((Hlsj'gn—l [Ti<k<n—1(x; — xk)) xwx>
_ i =
(ngign_l [Ti<j<n—1(zi — fﬂj))
J#i
+ n

H1gi§n—1(xn — ;)

Zlgignfl (zilmn (Hlfjﬁn—l ngkgn—1($] - fI;k)) x;)

J#i k#j

<H1§i§n—1 Hléjlén—l(fi - m])>
'
n

Jj#i
x

+

H1§i§n—1 (x" - ‘rl)

B 2ici<n-1 ((ngsn—l(xj - xn)) (Hlsj_sn—l [li<k<n—1(z; — xk)) x;)

J#i J#i k#j

(Mzizir = 20)) (TMizizcs Thsspa(oi = ) )

J#i

T
':UTL

ngign—1($n — ;)

) di<i<n—1 ((H1<j<n1($n - ij)) (H1<j_<n1($j - xn)) <H1<j_<n1 [Ti<k<n—1(z; — l‘k)) x?)

J#£i J#i k#3j

(Mazsnston = 2) (Miziznos i~ 20)) (Thisiens Mhsszor o - )

J#i

(ngign—l(xi - fn)) <H1<i<n1 [Ti<jcn—1(zi — wj)) zy,

J#i

(Mazsnson = 2) (Mhzignos o= 20)) (Thsigns Mhsszor (o - )

J#i

+

+

v
Vv
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where

= > I @n—a) I @ —=
1<i<n—1 1<j<n—1 1<j<n—1

U JF#i JFi

H (n — ;) H (z; — xn)
1<j<n-—1 1<j<n—1
J#i J#i

Il
_
2
t M
3
L

II I ¢

1<j<n—11<k<n—1

K

I I«

1<j<n—11<k<n—1

=

k#j

(xp — 1)

1<i<n—1 1<j<n—1
J#i
= II @-ap| I @-=af| II I (
1<i<n—1 1<j<n—1 1<j<n—1 1<j<n—11<k<n-1
i i
r
| I I @-ep e
1<i<n—11<5<n
J#i
= 11 I @)= | (@ —an)
1<i<n—1 1<j<n—-1 1<k<n-—1 1<k<n
J#i k#j k#n
"
*Ik xn

r

= || || i — Tk) Il (xn — k) | ]
1<i<n—1 1<j<n—11<k<n 1<k<n
J#i k#£] k#n

1<j<n1<k<n
i#i k#j

T e |

1<j<n 1<k<n
J#n k#j

[ I @

1<j<n 1<k<n
iF kA

I
—
IN
&
IN
3
[
A
—

x; — k) | xf

2.

1<i<n

_l‘k

_:Ek:

T

T

x!

22
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and where
v=|{ J] @n—=) I @i—= I I @-=
1<j<n—1 1<i<n—1 1<i<n—-11<j<n—1
i
= 1II I[I @i—=) | @i-=) I @2
1<i<n—1 1<j<n—1 1<j<n—1
i
= II II @i-= I @—a)
1<i<n—11<j<n 1<j<n—1
i
1<5<
= 11 S5 (@ — zj)
1<i<n

so that

U 2i<icn ((H1<_j<_n [Ti<k<n(z; - mk)) l’?) .
D(zn) = — = J#L k#j _ ] '

|4 [Li<icn Ii<i<n(@i — ;) = Thi<j<n(@i — 25)

J# SIS G
That is,
., 0 Hfo<r<n-1
T
1l (Z ] =<1 fr=n-1
- 1<j<n (T — x4 ,
1<i<n 2SS Di<i<n i fr=n

as we needed to show. O

Notes: Dr. Matrix was anticipated in this discovery by L. Euler, who wrote to Christian Golbach
about it on 9 November 1762. See Euler’s Institutionum Calculi Integralis 2 (1769), §1169; and
E. Waring, Phil. Trans. 69 (1779), 64-67... [J. J. Sylvester, Quart. J. Math. 1 (1857), 141-152.]

34. [M25] Prove that

= ngvén, r;ém(:c +k— T) _
; HlSTSn, r;ék(k - T) ’
provided that 1 < m < n and x is arbitrary. For example, if n = 4 and m = 2, then
r(x—-2)(x—-3) (z+1)(z-1)(z—-2) (@+2zx-1) (@+3)(z+1)z
) ) B T ) A 3T D R

Proposition. >, .. Hﬁgjgn'f#’“(azt;)]) =1 provided that 1 < k < n and z is arbi-
—"= 1<j<n, j#i

trary. e

Proof. We may prove

=1

) Iicjcn, jun(@+i—13)
1<i<n H1§jgn, j;éi(i = J)
provided that 1 < k < n and z is arbitrary, but first we shall first prove the more
general result
Iicjcn,jzn (Wi — 2)

=1.
1<i<n H1§j§n,j¢i(yi —Yj)
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Let P(y) be the polynomial representation of [, ;,, ;4 (y — z;) where

Piy)= [ w—2z)= > v

1<j<n 0<j<n-—1
7k
for arbitrary coefficients cg, c1,...,c,—1. Note that since P(y) =y 1 +..., cp,_1 = 1.

Then, from exercise 33, we find that

Iicjcn ¥ —2) P(y:)

1<i<n ngjgn,j;éi(yi —Y;) 1<i<n ngjgn,jyéi(yl Y;)
_ Zogjgn—l ¢y}
1<i<n ngjgn,j;éi(yi ~ ;)

i
Zogignq CilY;

1<j<n Ilicnan s (W5 — o)

DS

0<i<n—1 1<j<n ngkgn,k7&j(yj —Yr)

T

0<i<n—1 1<j<n ngkgn,ky&j(yj — Yk)
vt
+ Cn—1 z

1<j<n ngkgn’k;éj(yj - yk)

= Y O] +eaa(1)

0<i<n—1

=Cp-1
=1.

Letting y; =i and z; =i+ x for 1 <i<n, 1 <k <n, and x arbitrary, we have that

=1

Z [licjcn, jerx(@+i—17)
52, Thcjen, jii—10)
as we needed to show. O

35. [HM20] The notation Supp(;) @; is used to denote the least upper bound of the elements a;, in a
manner analogous to the Y - and [ [-notations. (When R(j) is satisfied for only finitely many j, the notation
maxp(jy a; is often used to denote the same quantity.) Show how rules (a), (b), (c), and (d) can be adapted
for manipulation of this notation. In particular discuss the following analog of rule (a):

(Supg(j) @i) + (Supg(;) bj) = supP g (Supg (s (ai + b;)),
and give a suitable definition for the notation when R(j) is satisfied for no j.
We have the following analogs for the least upper bound: an additive law:
(Supp(;) @i) + (Supg(;) bj) = suppg;) (supg(;)(ai + b;))
as well as a multiplicative law:
(SUPR(z‘) ai)(SUPs(j) bj) = SuPR(i)(SupS(j) (aibj))
provided a; and a; are nonnegative; change of variable:

SUPR(q) @i = SUPR(;) = SUPR(p(j)) Ap(4)>
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interchanging order of bound:
SUPR(i) SUP5(j) %ij = SUPs(j) SUPR(i) Fijs
and manipulating the domain:
SUp(SUpp(j) @5, SUPg(j) @5) = SUPR(j)vs(j) G-
A suitable definition for the notation when R(j) is satisfied for no j would be
SUpjep = —00

since —oo acts as the identity element for the least upper bound, in that sup(supjew aj, Supp(;) a;) =
supR(j) aj .

36. [M23] Show that the determinant of the combinatorial matrix is "~ 1(x + ny).

Proposition. detly + §;;z], = 2" ' (ny + ).

Proof. For
y+xr oy -y
y ooytx oy
Ay, = [aijln = [y + 7] = . . . : ,
Y Y y+zx]
we must show that
det[ay;]n = 2" (ny + ).
Let
’ a1 ifjiil
Qi = . .
ai;j —an if2<j<n
and

! !/ LN
o — {a’lj + 2 0ckan @hy =1

“ al; if2<i<n

so that det|a;;], = det[a};], where

ny+ax ifi=15=1

"o 0 ifi=1,2<j5<n

* y if2<i<n,j=1
0ij if2<i<n,2<j<n

since:
ay,=a1=y+uw i=1,j=1
Gy = i=12<j<n
ap =apg =y 2<i<n,j=1
aj; = 0y 2<i<n,2<j<n
at, =ay; + Z ap =y+ax+ Z y=ny-+x 1=1,7=1
2<k<n 2<k<n
ay; = ay; + Z ap; = —T + Z dgjz =0 i=1,2<j<n
2<k<n 2<k<n

ay = ajy =y 2<
ajy = ag; = 0i; 2<i<n2<j<n
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Then, since [a}}],, is a triangular matrix (a;; = 0 whenever i < j), we have that

det[aij]n

as we needed to show.

= det[a;}]n

. "

= H Ag
1<k<n

o "

=an H Ak

2<k<n

(ny + x) H OkkT

2<k<n

= (ny + z) H x

2<k<n

n—1

= (ny+x)x
=" (ny + 2)

26

» 37. [M24] Show that the determinant of Vandermonde’s matrix is

H Z; H (.’Ej —l‘i).

1<j<n 1<i<j<n

Proposition. det[z}], =[], c;c, @i [[1<;cicn (@i — 25).

Proof. For

we must show that

Let

xr1 To cen Tn
2 2 2

Iy Ty Ty

. . )
n n

Ty Ta L n

if j=1

CL/ _ a;1
Y aijfaﬂ 1f2§]§n

and
aly
LY
Y @iy = T10(;_1y
@i ~ P19,

so that det[a;;] = det[a};] where

Ty
Tj— X1
©j 0

i—1

Ly (zj — 1)

ifi=1,j=1
ifi=1,2<j<n
if2<i<n,j=1,
if2<i<n,2<j<mn,

ifi=1,j=1
ifi=1,2<j57<n
if2<i<n,j=1
if2<i<n,2<j<n
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since

al; =a;; =1 i=1,j=1
a'lj:aljfau:mjf:cl Z:]-,QSJSTL
aly = a;y =t 2<i<n,j=1

aj; = aij —an = o — 2<i<n2<j<n
a'{l:a’H:an:zl i=1,7=1
a’l'j:a’ljzalj—allzxj—xl izl,QSjSTL
aly zagl—xla’@;lﬂ:a“—xla(i_l)l)zo 2<i<n,j=1

i—1 . .
ajy = ay; = T10(;_yy; = aij — @i — 11(ag-1); — ag-n1) =5 (r;—x1) 2<i<n2<j<n

Let

o ifi=51<4,j<n-1
= 0 otherwise

so that minor([a”’],, 1,1) = ([gi;]n—1 minor([al,, 1, 1)")T and det|g;j]n—1 = [[;<pern_1 (Trr1—
x1). Then o

det[ai;], = det[aj}]n
= Z aly cofactor(a;)

1<i<n

= a7, cofactor(a;) g aly cofactor(a;)
2<i<n

= z1(—1)** det minor([a”],,,1,1) +0
= 2 det minor([a”],,, 1,1)

= 1 det(([gi;]n—1 minor([a],, 1, 1)T)T)
=z det([gi;]n—1 minor([al,, 1,1)T)

= 1 det|g;;]n—1 det(minor([a],, 1, nT
= x1 det[g;;]n—1 det minor([a],, 1, 1)

=1 H (k41 — x1) | det minor([a],, 1, 1).
1<k<n-—1

We shall finally use this recursive identity to give a proof by mathematical induction
on n.

If n =1, then clearly

det[au]l = det[an 1 =21 = H ZT; H — 33]

1<i<n 1<5<i<1

Then, assuming that

1<i<k 1§]<z§k

or equivalently that

det minor([a]g41,1,1) = H Z; H (zi — ;)

2<i<k+1 2<j<i<k+1
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we must show that

det[aij]kJrl = H xZ; H (.’L‘l — $j).
1<i<k+1 1<j<i<k+1
But
detlaijlp+1 = @1 (ip1 — 1) | detagry+)le

1<i<k

=T (l‘i+1 — SCl) H Z; H (SCZ — Ij)
1<i<k 2<i<k+1 2<j<i<k+1

= X1 (1‘717561) H Z; H (Ilfllfj)
2<i<k+1 2<i<k+1 2<j<i<k+1

= Il = 1] @-=) I = I @-=)

1<:i<1 1<j<i<k+1 2<i<k+1 2<j<i<k+1
= I | G
1<i<k+1 1<j<i<k+1

as we needed to show.

» 38. [M25] Show that the determinant of Cauchy’s matrix is

1<i<j<n

Proposition. det[1/(z; + y;)]n = H1§i<j§n(xj —xi)(y; — yi)/H1<i,j<n($i + ;).

H (fcj—xi)(yj—yi)/ H (zi +yi)-

Proof. For
(z1+y1) /(21 +y2) 1/(z1 + yn)
A = 4l = [1/(@ 1 yi)ln = 1/($2:+ y1) 1/($2:+ Y2) 1/(332:4- Yn)
V6w +u) e +p) o Y+,

we must show that

det[aij]n =

[

1<i<j<n

(@ = -/ TI Gt

Let
’ a1 ifj=1
;5 = . .
aij; —an if2<j<n
so that det[a;;] = det[a};] where
1/ (21 + 1) ifi=1,j=1
N ) )@ y) Hi=12< <0
Y 1/(z1 +v1) if2<i<n,j=1

(1 —y3)/ (@i +y1))(1/ (@ + ;)

if2<i<n,2<j<n

)
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since:
a/11:a11:1/(1'1+y1) Zzl,]:].
ay; =ay; —an = (1 —y)/ (@1 + 1)1/ (z1 +y;))  i=1,2<j<n
ai, =apn =1/(z; +y1) 2<i<n,j=1

ag; = ai; —an = ((y1 — y;)/(xi +y1))(1/ (i +y;)) 2<i<n2<j<n

Let
, 1 ifj=1
Y\ 1/(zi +y;) otherwise,
Y@ty ifi=j1<ij<n
big = 0 otherwise,
and
1 ifi=j=1
G =3 —y; fi=352<ij<n
0 otherwise
so that
[ai]n = (gi3]n ([pisln[bis]n) )T
and:
detlpiln = [ —
ijln =
1 Shen Tk +
detlgisln = [ v —ws
2<k<n
Also let
. LY ifi=1
* bijfblj 1f2§z§n
so that det[b;;| = det[b;;] where
1 ifi=1j=1
b — 1/(mi+yj) ifi=1,2<j<n
Yoo ifo<i<n, j=1

(1 —zi)/(z1 +y;) (1 (wi +y;)) f2<i<n,2<j<n

since:
by =b1=1 i=1,7=1
b;lzbﬂ*bllzo QSZSH,jzl

bij = bij —bij = ((x1 — x3) /(21 4+ ;) (1/ (2 + ;) 2<i<n,2<j<n

Also let
1 ifi=j5=1
Tij = § 21— &5 ifi=j,2<i,j<n

0 otherwise
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and
1 ifi=j=1
sij=q1/(x1+y;) fi=42<ij<n
0 otherwise
so that
minor([¥],1,1) = (fsijln-1([rijla—1 minor([al,, 1,1))7)7
and:

det[’l“ij]n,1 = H Tr1 — Tk

2<k<n

1
det[sij]n_l = H

olhen T1 T Y
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Then

det [aij]

Y1 — Yk
2<k<n
H Y1 — Yk H
2<k<n 1<k<n
H Y1 — Yk H
2<k<n 1<k<n
H Y1 — Yk H
2<k<n 1<k<n
H Y1 — Yk H
2<k<n 1<k<n
H Y1~ Yk H
2<k<n 1<k<n
H Y1 = Yk H
2<k<n 1<k<n
H Y1~ Yk H
2<k<n 1<k<n
H Y1~ Yk H
2<k<n 1<k<n
H Y1~ Yk H
2<k<n 1<k<n
H Y1~ Yk H
2<k<n 1<k<n
_ H2§i§n($i —x1)(yi — Y1)

B ngi,jgn(xi +y1)(z1 + yj)

iiln ([Pislnlbisln)™)T)
([Piz]nlbijln)
et([pij]n) det([bij]n)

31

det([pij]n) det([bij]n)

T+

T+

T+

T+

Tk + Y1

Tk + Y1

Tk + Y1

Tk + Y1

Tk + Y1

1
Tk + Y1

det([bi;]n)
det([bf;]n)

by, cofactor(b,,) + Z b/, cofactor(b),)
(b} cofactor(b};) + 0)
(det(minor([],, 1,1)) +0)
det(([sijln—1([rij]n—1 minor([al,, 1,1)T)7)
det([sij]n—1) det([ri;]n—1 minor([a],, 1, 1))

det([Sij]nfl) det([?‘ij]nfl) det(minor([a]n, 1, 1))

1
II det([ri;]n_1) det(minor([a],, 1,1))
2<k<n 1+ Yi

H 1 H r1 — 2 | det(minor([a],, 1,1))

T .
olken Y1 T Ui 2<k<n

det(minor([a],,1,1)).

We shall finally use this recursive identity to give a proof by mathematical induction

on n.

If n =1, then clearly

det[aij]l = det[all]l = 1/(371 + yl) =
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Then, assuming that

detlagle =[] (25 -2y - yvz)/ [T @i+up
1<i,j<k

1<i<j<k

or equivalently that

det minor([alxi1,1,1) = ] (xj—xi)(yj—yi)/ T @i+w)
2<i,j<k+1

2<i<j<k+1

we must show that

But

det[aij]kﬂ =

detlalosi = [ <xj—xi><yj—yi>/ I it
1<i,j<k-+1

1<i<j<k+1

[ocicrsr (@i —21)(yi —y1)
[i<ij<rrr (@i +y1) (21 + y5)
i<k @i —20) Wi —v1) Tlocicicni (@5 — i) (y; — vi)
Chcijan@ity)@+y)  Thajon (@i +y)

det minor([a]g+1,1,1)

_ (H2§j§k+1(xj - fUl)(ZUj - y1)> <H2§i<j§k+1(xj - xi)(yj - yi))

(ngi,j§k+1(xi +y1) (21 + ya)) (H2§i,j§k+1(wi + yj))

(Micicsnr @ = 25 = 1)) (Tacieycrr (@i — 205 — v)

(ngi,jngrl(mi +y1) (w1 + y])) (H2§i,j§k+1(xi + y]))

I @) - yi)/ I @i+w)
1<i,j<k+1

1<i<j<k+1

as we needed to show.
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39. [M23] Show that the inverse of a combinatorial matrix is a combinatorial matrix with the entries
bij = (—y + 0i(x + ny)) /x(x + ny).

Proposition. [y + §;;z],! = [7_?“‘6”(””*‘"”)] )
n

Proof. For

z(z+ny)

we must show that

y  y+ax oy
A, = [aij]n = [y + 5ijx]n = . . . R
1 _ [~y +dii(z+ny)
lai], =
x(z + ny) N
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Let I,, = [0;;]n and J,, = [1],, so that A,, = yJ,, + 21, and note that J2 = nJ,,. Then

A, (—yJ, +21,) = 2°1,, — ny?T, —
A, (-yJ, +zL,) + ny*J, = 21, <—
A, (=yJ, +2L,) + nylyJ, = 2°1, —
A, (—yJ, +2L,) + nyl,yJ, + anyl, = 221, + znyl, <—
A, (—yJ, +zL,) + nyl,(yd, + 2L,) = 221, + znyl, =
A, (—yJ, +21,) + nyl, A, = z(x + ny)I, =
A, (—yJ, + 21, + nyl,) = 2(z + ny)I, —
A, ((z+ny)l, —yJ,) = z(z+ny)L, <—
x(x + ny)
That is, for
" z(x + ny)
_ (v + ny)[‘sij}n - y[ﬂn
z(x + ny)
_ [(a: +ny)di; — y}
xz(z + ny) "
o [—y + (50’(3? + ny):l
z(z + ny) o
A, B, =1,, or equivalently, that
A_1 _ {—y + 5”($ + ny)]
" x(z + ny) n
as we needed to show. O

40. [M24] Show that the inverse of Vandermonde’s matrix is given by

bij:( 3 <_1>j—1xkl...ka) /xi T (o).

1<ki<-<kn_;<n 1<k<n
1yeooskin_ i ki

Don’t be dismayed by the complicated sum in the numerator—it is just the coefficient of z7~! in the poly-
nomial (z1 —x)...(x, —x)/(z; — x).

Proposition. [1‘;];1 = [<Zl§k1<--<<kn—j§n(_1)j_1xk1 R J"knj) Ty Hlﬁkﬁn(xk - xz)] .

kiseokn—j7#i k#i
Proof. Let
X1 i) Tn
2 a2 2
il

A, = [aij]n [z]]n = . . .
n n
bzl x|

We must show that

laiz], ' = Z (—1) 'y, xkj/xz H (h — ;)

1<k1<..<kn_;<n

Ktk 7 ki N
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Let [bij]n = [aij],;*, so that by the definition of inverse and matrix multiplication, we
have

k
bijlnlailn = | Y bian;| = | D> bzl | = [0i]n-
1<k<n 1<k<n
- - n - = n
We require
k
E bikx] = dij,
1<k<n

or equivalently, given a polynomial P;(z) =, 1<, bipa® for arbitrary x, we require
Pi(x) = 6y

with given data points (d;1,21), (di2,@2), ..., (din,Ts). By polynomial interpolation,
expanding the polynomial to an initial but trivial (n + 1)th variable zy = 0, with
bio = bp; = 0, in order to obtain a complete set of differences, we have

T — T
Pi(x)= > s [ P—
0<k<n 0<m<n kT m
m#k
T — T T — T
=D o T ——= |+ > | Il - —F
0<k<n 0<m<n "k T m 0<k<n 0<m<n “ kT tm
k=1 m#k k#1 m#k
T — T,
=0 ] +0
i — Tm
0<m<n
Xr — X
T, — T
0<k<n ¢k
i
Tr — X H r — T
T, — T, —
3 0 1<k<n 2 k
k£
x H T — X
i 1<k<n k A
k£

For x = x;, we have

Z blkl‘éc = Pz(l‘]) = ﬁ H M = 6Zj

T Tp — T
1<k<n U<k<n BT

ki
What is left is to find the coefficients b;;. By de Moivre’s work!, we may do so.

The real and different roots of P;(x) are exactly those x, where r # i, since in such a
case, we have

Ty T — Tp Ty T — Ty
Pz =" J] L= -z [ 2—==0.

; Th — T z; Th — X
Zlgkgn k g ZlSkSn k )
ki ki
k#r
Let these roots be denoted by z,,, Zry, ..., 2y, .

L Anders Hald, History of Probability and Statistics and Their Applications before 1750 (John Wiley & Sons, 2003), pp.

429-430.
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Since matrix multiplication with inverse is commutative, We also have

Z bi/@I§ = Z bekj :61‘3'-

1<k<n 1<k<n

By de Moivre’s identities, with our trivially expanded polynomial,

(L‘jz Z x};bkj

0<k<n
<
bkj = E (_1)m E Tpy v x’r‘m(s(nm)]/xk H (Z'k; - xm)
1<m<n 1<r < <r,m<n 1<m<n
Ty, T #l m#k

we then have, since d(,_); requires j = n — k and since n — j and j — 1 have opposite
parity, that

bij= > (-1F > xrl"'xrka(n—k)j/mi I (@i— )

1<k<n 1<ri<--<rp<n 1<k<n
1., TEFL k#i
n—
= (_1) J E Ty oo xrn,j /1‘z H (xi — xk)
1<r <o<ra_ <n 1<k<n
T1yeeesT—j #0 k#i

= (=1)(=1)"7! Z Tp ...scTTL]./(—l)a:i H (xp — ;)

1<r < <rpn—;j<n 1<k<n
Tl,‘..,Tnfjf’L‘ k‘?fl
j—1
- Y e e fo I] )
1< < <rp_;<n 1<k<n
Ty Tn— j 70 k#1

Therefore

[ai;], ! = Z (—1)7 g, "'fEkn_j/% H (g — 4)

1<k1<...<kn—;<n 1<k<n
Kiseokn—j#i ki

n

as we needed to show. O

[A. de Moivre, The Doctrine of Chances, 2nd edition (London: 1738), 197-199.]
41. [M26] Show that the inverse of Cauchy’s matrix is given by

bij = ( [T G +ye)ian +yi)>/(%‘ +yi)< IT @y —xk)> (1 IT —yk)>~

1<k<n 1<k<n <k<n
kg ki
Let
V(@i+y) 1/(x1+y2) - 1/(@1+yn)
V(zo+wy1) 1/(za+y2) - 1/(z2+yn)
A, = [aij]n =[1/(x; + yi)]n = . . - . )
V(en+y1) 1/(vn+y2) - 1/(2n+yn)
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‘We must show that

[ai]at = I @5+ we) (@ +w0)
1<k<n

(zj —xk)

H
EVAN

=
3 —]

(Yi — yr)

36
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But, by the definition of inverse,

fag |1 = [cofactor(a;;)|L
Wi det[aij]n
[cofactor(aji)]n

H1§u<v§n(‘rv — Ty) (Yo — yu)/ H1§u,v§n(xu + Yv)

(—1)7+ det minor([a],, j,7)

H1§u<v§n(‘rv — Ty) (Yo — i‘/u)/ H1§u,v§n(xu + yv)

(71)j+i H1§;<v§ﬁ(xv - mu)(yv - yu)/ ngu,vgn(l‘u + yv)
A o

H1§u<vgn(53v —xy) (Yo — yu)/H1gu,vgn(5Eu + Yo)

(_l)j_H H1§u<v§n(xu - xv) H1§u<v§n(yu - yv) ngu,vgn(xu + yv)
uj uti ut

v#£j v#£1 v#£1
(H1§u<v§n<xu - .’Ilv)) (H1§u<v§n(yu - yv)) /H1<u,v<n(xu + yv>

H1§1:,<1)'§n(mu - (Ev) H1§u<1{§n(yu - yv)

- (*1)j+iH1§u7v§7l(x“ ty) A
ngu;/_gn(xu + yv) H1§u<v§n(mu - va) H1§u<v§n(yu - y’U)
u
U#Z
= (=1)7* Ty +
( ) 1<H<n( “ yv)H1§u<v§n(xu - 1'71) H1§u<v§n(yu - yv)
u;j\v/vizi u=jVo=j u=1Vo=i
= (—1)"" (2 + ) H (Tu + ¥i) H (25 + yo)
1<u<n 1<v<n
u#j vF£L
1 1

37

(H1§u§j—1(xu - x])) (Hj+1gvgn(xj - Iv)) (H1§u§i_1(yu - yl)) <Hz+1<’u<n(

—1)i-1 _ 1)1
= (=1)Y*i(z; + y;) H (2o + i) H (@ + o) (-1) (-1)

1<u<n 1<v<n Hlﬁ“ﬁ”(xj — ) H15”§"(yi ~ Y0
ki ki 7 7
N [Ti<u<n(@u +9i) [Tico<n(z; + y0)
_ (—1)2(J+171)($] + yz) UFj v#£i

H1<u<n Tj — xu) H1<v<n(yz y'u)

(
(z; +yi) (H1<u<n Ty +Yi ) <H1<U<n (z; + yv))

(z; +vi) (Hlizn(% - )) (H1<v<n

v#1L

(ngugn(% + yz)) (H1<u<n(% + yv))

)
(2 + vi) <H1§z;§_n($j - wu)> (H1<v<n )
)

[icren (@i +ye) @k + vi)

(x5 + yi) <H1<k<n($j - :I?k)) <H1<k<n

K]

yv))
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as we needed to show.
42. [M18] What is the sum of all n? elements in the inverse of the combinatorial matrix?
For the inverse of the combinatorial matrix

{ 1 ]_l[y+5ij(x+ny)]
y+ i), x(x + ny) n

the sum of all n? elements is simply

Zl<]<n_ >_y+x+ny

y+5m :E—i—ny) ( Hél

13 n
1<i<n 1<5<n + y) 1<i<n

B —yn—1)—y+x+ny
=2 a(z + ny)

1<i<n
- Z —ny+y—y+xr+ny
x(x + ny)

1<i<n

- Z z(x + ny)

1<i<n

-y
1§i§nx+ny
n

z+ny

43. [M24] What is the sum of all n? elements in the inverse of Vandermonde’s matrix? [Hint: Use exercise
33.]

For the inverse of the Vandermonde matrix

hﬂglz 3 xh.”xhﬂv//m I @—=z)| =bil,,

1<k1<...<kn_;<n 1<k<n
E1yenkon i ki

n
we want to find the sum of all n? elements > 1< j<n Dij-

In the case that any x, =1, 1 < k < n, from exercise 40, we have that

[bw]n[w;]n = Z bikl‘f = [5ij]n

1<k<n

or equivalently that

Z bij = dix

1<j<n

= 2{: j{: bijj =1

1<i<n 1<j<n

= > by=1-(1-1/x)

1<i,j<n

= > by=1- ] O-1/m).

1<i,5<n 1<k<n
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Otherwise, in the case that z, # 1, 1 < k < n, again from exercise 40, given P;(x) =
> cpen bina® for x =1 we have that

> b=y Pw=y - I =

1<i,j<n 1<i<n 1<i<n "~ " 1<k<n
ki

or equivalently, for x = 1, that

1 Tk — 1
> rm=> (- 11
- - Z; T — T4
1<i<n 1<i<n 1<k<n
ki
N
1<i<n | Y1 T Lz 1<k<n Tk T T

Tt
(i — ) Thi<k<n(@r — 1)

- ki
- Z xi(x; — 1) [i<k<n(@r — @)

1<i<n ki

[Li<p<n(ze —1)
zi(z; — 1) [Ti<r<n(@r — @)
ki

1<i<n
RICEEDY :
1<k<n 1<i<n i(z; —1) Hl%’;%"(xk - i)
1
= (1 — a:k)
@CHSH mz;n 2@ = 1) [ligken(@i = a1)

1 1
- H (@ = 1) 12‘; zi [[1<k<n(zi — 21) - Z (i = 1) [Ti<k<n (@ — xp)

1<k<n 1<i<n Tt

Also, from exercise 33, we have for an extrapolated and distinct g = 1 and for » = 0 that

1 1 1
2 Hoﬁfn(%‘ —aj) | Ilicj<a(l—a;) t 2 (zi = V) licjen(mi —a5) | !

<3< 1<i< e
0<i<n Ssn j#i

or equivalently that

1 1
2 N\ e honm-m )~ o)

1<i< :
Ssn J#i

Similarly, if zg =0

1
Z z; [i<j<n(@i — ;) . H1gjgn(*xj).

1<i< J <
S J#i
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This yields

> b= > PR(1)

1<i,j<n 1<i<n

1 1
Z T H1gk§n($¢ — xk) A N (x; — 1) H1§k§n(xi —T)

1 1
1<k<n H1gj§n(_xj) - H1§jgn(1 - %))

. H1§k§n(mk -1) B H1§k§n($k - 1)

a ngjgn(_xj) H1§j§n(1 — )

. H1gk§n(1 — ) B H1§k~gn(ﬂfk -1)

Tl —2)) [Ticj<n(z;)

H1§jgn(xj)
—1- H o —1

x
1<k<n 'k

=1- [] @=1/ax).

1<k<n

=1

Therefore, in all cases,

Z bij =1— H (1 —1/zy).

1<i,5<n 1<k<n

» 44. [M26] What is the sum of all n? elements in the inverse of Cauchy’s matrix?

For the inverse of the Cauchy matrix

[Tichen (@i +yu)(Tr + vi)

(x5 + i) (Hl;cl;gn(xj - xk)) (H1§k§5n(yi - yk)) )

J

[aij], " = [bijln =

we want to find the sum of all n? elements > o1<ij<n Vij-
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But
(Micen(@s + w0 @ +0))

1321'; e 1§zién (z; + vi) <H1<k<n($j -z )) (Hlil;fn(y yk))

k#j
= 2

(ngkgn(fﬂj + yk)> (H1§kgn(xk + yz))
1<i<n (25 + ;) (Hlé’;é"(””j - mk)) (ngkgn(yi - yk))

ki
~ i<k<n(@s + k) Z [i<h<n(@r + i)

Hl%l;%n(zj —ak) 52, (@5 i) H1§k1;§n(’yi ~ k)

+ > Hlil;fn(xk‘i‘yz)
T

L@ )

B k) 52 [Ti<k<n(yi — yi)
ki

)

)

H1§k<n Tj—

(;

(
k#j

(

(

_ [Tichen (@i + Yk

H1§k<n Tj — Tk
k#j

since in general

Z H1<k<n (Y — 2k)

1<i<n H1<k<n Yi — yk)

from exercise 34.

Then, for some polynomial P(x) of order n — 2 and by exercise 33

Z bij = Z H1<k<n zj + Yk)

1<i,j<n 1<i<n H1<’;<n i — )
Z zj + <21<k<n yk) i + P(xy)
1<i<n Hlil;;n(xj — xk)
2 | 2 > i + ) P(z;)

- Yk

1<i<n HK’;?”( — k) 1<k<n 1<i<n H1<I;jn(xj —k) 52 Hl%];%n(xj — k)
= D @t ), yto0

1<k<n 1<k<n
= Z (xk +yk).

1<k<n

» 45. [M25] A Hilbert matriz, sometimes called an n X n segment of the (infinite) Hilbert matrix, is a
matrix for which a;; = 1/(i + j — 1). Show that this is a special case of Cauchy’s matrix, find its inverse,
show that each element of the inverse is an integer, and show that the sum of all elements of the inverse is
n?. [Note: Hilbert matrices have often been used to test various matrix manipulation algorithms, because
they are numerically unstable, and they have known inverses. However, it is a mistake to compare the known
inverse, given in this exercise, to the computed inverse of a Hilbert matrix, since the matrix to be inverted
must be expressed in rounded numbers beforehand; the inverse of an approximate Hilbert matrix will be
somewhat different from the inverse of an exact one, due to the instability present. Since the elements of the
inverse are integers, and since the inverse matrix is just as unstable as the original, the inverse can be specified
exactly, and one should try to invert the inverse. The integers that appear in the inverse are, however, quite
large.] The solution to this problem requires an elementary knowledge of factorials and binomial coefficients,
which are discussed in Sections 1.2.5 and 1.2.6.
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The Hilbert matrix, defined as

1 1 1
. 11 1
2 3 n+1
A: .- — =
ook L‘H—lL A
1 1 1
n n+1 2n—14d p

1
Zity;

is a special case of a Cauchy matrix C,, = [¢j;]n = [
1

As such, its inverse [b;;], = [HJ%J has elements given by
n

1S <n G+Ek-1)(k+i-1)

[Lichank+i—1D]I] nk+i—1)

} with ; =7 and y; = j — 1.
n

42

CGti-) ( 1<i<n ) (Hlﬁ;n(z—’“))
(

j+2—1

1<k<j ) <H]<k<n

kséj k#j

(j+n—1) (i+n-—1)
(=1)r=imi2( +i = 1) — DIGE = DG — D n — ) = Dl(n —)!
_ G+n—Dli+n-—1)!
(=170 (G +i = 1)((G = DIE = DH2(n — 5)!(n —0)!
(=) +n—1)G+n—1)!
(i+7 =10 -G - 1)2(n—a)l(n— )

It is clear that b;; is an integer, as it may be cast into binomial coefficients as

b D40 DG +n— 1)
Y- D= DEG - DR =)l - j)!

_(—1) 1 (i+n-1)!" (G+n-1) 1
== G- G+i=1n - (n-H-1)!
_ (—1)i*; (i+j—2)! (i+n—-1! (G+n-1)! n!
G-=DGE—1)! nlGE—1) G+i—D(n—29!(n—j)y!
_ L1y (i+7—2)! (i+n—1)
(47 =2)=(E=DNGE =D ((i+n—1) = (@ — 1) - 1)
(j+n-—1) n!

(G+n—=1)=(n=i)n =i (n—j)!

=coms(E) () 6)

]) <le;sz o > <H22’§2”(

(k=)
)
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From exercise 44, the sum of the elements of the inverse is simply

S oby= > (k+k-1)

1<i,5<n 1<k<n
1IN
1<k<n 1<k<n
_ 2n(n+ 1) .
2
=n’+n—n
=n?

[For further information, see J. Todd, J. Research Nat. Bur. Stand. 65 (1961), 19-22; A. Cauchy,
Ezercices d’analyse et de physique mathématique 2 (1841), 151-159.]

» 46. [M30] Let A be an m X n matrix, and let B be an n X m matrix. Given that 1 < j1,j2,...,jm < n,

let Aj j,.., denote the m X m matrix consisting of columns ji,...,j, of A, and let By j,. ;. denote the
m X m matrix consisting of rows ji, ..., jm, of B. Prove the Binet-Cauchy identity
det(AB) = > det(Ajyjz...5, ) det(Bjija.. i )-

1<j1 <2< <jm<n

(Note the special cases: (i) m = n, (ii) m = 1, (iii) B = AT, (iv) m > n, (v) m = 2.)

Proposition. det(AB) = Zl§j1<j2<~~<jm§n det(Aj, 5. 5,.) det(Byyja.jim )

Proof. Let A be an m X n matrix, and let B be an n X m matrix. Given that 1 <

J15925 -5 Jm <, let Aj 4, ., denote the mxm matrix consisting of columns ji, ..., jm
of A, and let Bj,;,.. ;.. denote the m x m matrix consisting of rows ji,..., j, of B. We
must show that
det(AB) = > det(A;,5,...5,,) det(Bjy j...j,. )-
1<j1<je<-<jm<n
Let
e(kr, ... k) =sign( [ (& —k))
1<i<j<m
for

sign(z) = [z > 0] — [z < 0]

be the Levi-Civita function so that in general

det([cij]n) = Z G(ila .o 5Zn) H a”i,ii;

1<iy,..in<n 1<i<n

and so that if (k1,..., k) and (I, ..., 1) are identical except that k; = [; and k; = 1;,
so that e(ky,..., k) and —€(ly,...,1y), then in general

det(By, ..k, ) = €(k1,..., km) det(Bj, . j,.)

if j1 <--- < j,, are the numbers k1, ..., k,, rearranged into nondecreasing order.
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Then

det(AB) = Z 6(11, e ,lm) Z alkbkll cee Z amkbklm

1<ly,. s lm<m 1<k<n 1<k<n
= E A1k - - - Omk,, E 6([1, ey lm)bklh e bkmlm
1<k1,....km<n 1<ly,...,l;m<m

= ) auky -Gk, det(By, k)

1<k1,....km<n

= Z €(k1,...,k}m)a1k1 o Ok, det(le,_jm)

1<k,....km<n

= o det(4;, 4,) det(By, )

1<ji < <jm<n

as we needed to show.

Note that if m = n, we have the usual identity for square matrices
det(AB) = det(A) det(B);
if m = 1, we have the dot product

det(AB) = Z aikbpr = A - B;
1<k<n

if B = AT, we have the square

det(AB) = det(AAT) = S det(4,.5,)%

1< < <gm<n

and if m = 2, we have the first nontrivial case of the identity

det(AB)= > det(A;,;,)det(Bj,;,).

1<j1<j2<n

O

[J. de I’Ecole Polytechnique 9 (1813), 280-354; 10 (1815), 29-112. Binet and Cauchy presented
their papers on the same day in 1812.]

47. [M27] (C. Krattenthaler.) Prove that

(x+q@)(r+q) (x+p)(r+g3) (z+p)(z+p2)
det | (y+aq)(y+a) WH+p)y+a) +p)y+p2)
(z+q)(z+q) (2+p)(z+aq) (2+p1)(z+p2)

=(z—y)(r—2)(y—2)(p1 — ¢2)(P1 — @3)(P2 — @3)-

and generalize this equation to an identity for an nxn determinant in 3n—2 variables 1, ..., Zn, P1,- -, Pn-1,G2, - - -

Compare your formula to the result of exercise 38.

We may prove the more general equation.

Proposition. det {(ngkﬁjfl(l‘i —l—pk)) (Hj+1§k§n(xi + qk))}n = H1§i<j§n($i _
z;)(pi — ;)

ydn-
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Proof. Let

A, = [a]n

= H (i + pr)

1<k<j—1 N

_H2§k§n(5€1 +aqk) (21 +p1) Hggkgn(xl + qx)
[locren(@a+ar) (22 +p1) [[3<pcn(z2 + )

H (i + qx)

j+1<k<n

_Hzgkgn(xn +ax) (T +p1) H3§kgn(xn + qr)

We must show that

det|ag;]n = H (zi — ) (pi — q5)-
1<i<j<n
Let
a/_‘ _ ;1 lf] =1
* Qi — A4 5—1 if 2 Sj S n

so that det|a;;], = det|a;;], where

;o (ngkgj—1($i +Pk)) (Hj+1gk§n($i Jr%))

since for 2 < j <n

a;; = H (zi + i) H (zi+qr) | —

1<k<j-1 J+1<k<n 1<k<j—2
= | @i+tpi-0) J[ (@it I @+a
1<k<j—2 j+1<k<n
- H (zi + pr) (zi + ;) H (zi + qx)
1<k<j—2 j+1<k<n
= (@i+pi)—@+g) | [ @+
1<k<j—2 j+1<k<n
= (pj-1— ¢;) H (i + pr) H (i + qx)
1<k<j-2 J+1<k<n
Let
R ifj=1
T by~ if2<j<n
so that

[a%]n = ([gislnlbis]n)"

H (i + pr)

45

[Li<i<n—1(z1+pr)
[Li<i<n—1(z2+ pi)

[Ti<k<pn—1(zn +pr)

n

if j=1

(Pj-1—a5) ngkﬁj—2(xi +Pk)) Hj+1§k§n(xi + Qk)) if2<j<n

H (i + qr)
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and that
det[aj;]n = det(([gij]n[bis]5 )
= det([q”] [ lj]n)
= det[g;;]n det([bi;] 1)
=TT (ks — o) det(li ]2
2<k<n
= JI @r-1— ax)detfbi;]n
2<k<n
where

[bij] = H (i + pr) H (m; + qr)

1<k<j—2 J+1<k<n n

Repeating this transformation, each time over fewer columns to factor out (p;_2—g;-1),
(pj—3 — gj—2), etc., we eventually have

det[aij]n = H (pi — Qj) det[bij]n

1<i<j<n

for
[bijln = (Il 41<h<n (@i + ar)],

Then let

o bij — (qj1)bij1 f1<j<n—1
‘ bin if j=n

so that det[b;;], = det[b;;], where

Yo — i [[j ochen(@itan) H1<j<n—1
“ T ifj=n

since for 1 <j<n-1

b= I @+a)—(gr) [I @+a

j+1<k<n j+2<k<n
=(@it+an) [ @+a) (@) [[ @+a)
Jj+2<k<n j+2<k<n
= ((@i+gr1) = (@) [ (@i+an)
j+2<k<n

=z ] @i+

Jj+2<k<n

Repeating this transformation also, each time over fewer columns to factor out ¢;i2,
gj+3, etc., we eventually have

detlailn =[] (@i —a)detlbiln =[] (0 — q;)det[t;]n

1<i<j<n 1<i<j<n

for

46
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Let
, by, ifi=1
Cij = . .
* by, by if2<i<n
and
Cllj*xlci(jﬂ) ifi=1,1<j<n-1
Pt ifi=1,j=n
1] c/] xlcl(J+1) lfQSZSn,ISJSH—l
Chn if2<i<n,j=n<n,

so that det[b;;] = det[c;;] where

0 ifi=1,1<j<n-—1
L, ifi=1j=n
i = x?_j_l(zi—xl) if2<i<n,1<j<n-1
0 if2<i<n,j=n<n,
since
¢y = by = = 1=1,1<j<n-1
c, =0, =20=1 i=1,j=n
c;j—b’ ’U—a:fj—x?_j 2<i<n1<j<n-1
=0 = b =a) =2 =0 2<i<n,j=n<n
c'llj e} — T =0 i=1,1<j<n-1
d o =2=1 i=1,j=n
p=ay =t @ T T = @) 2<i<n 1< j<n—1
c;’n:z?—:r(l)zo 2<i<n,j=n<n
Let

o QT T T ifi=4,1<4,j<n-1
" 0 otherwise

so that minor([b'],, 1, n) = [ry;|n—1 minor([c”],, 1,n) and det[ri;n—1 = [ [, <pcpy (Thr1—

z1). Then
det[c;]n = Z ! cofactor(cl)
1<i<n
= ¢!, cofactor(c},,) Z e cofactor(clh)

(1)(=1)1" det minori([i"}n, 1,n)+0

= (=1)""! det minor([¢"],,, 1,n)
(—1)"** det[r;;],—1 det(minor([6'],,, 1,n))
(—1)"*! det[r;;]n—1 det minor([v/],,, 1, 1)

= (=1)"*! H (xpe1 — 1) | det minor([b'],,, 1,n)
1<k<n—1

= H (xpy1 — 1) | det minor([b'],,, 1,n)
1<k<n—1

47
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since a product of n+1 signs will cancel with n—1 (i.e., (—1)"*1(=1)""t = (=1)** = 1).
This recursive identity allows us to prove by mathematical induction on n that

det[b;]x = H (z; — ;).

1<i<j<k
Therefore
det A,, = detla;;]n
= det I Gi+pe) I @i+
1<k<j—1 j+1<k<n N
= I i —a)detln
1<i<j<n
= [I i—q)dett)]n
1<i<j<n
= H (pi —q5) [55?_]}
1<i<j<n "
= I w-a) I @-=)
1<i<j<n 1<i<j<k
= ] @—=2)m-q)
1<i<j<n
as we needed to show. O

[Manuscripta Math. 69 (1990), 177-178.]



