Exercises from Section 1.2.6

Tord M. Johnson

May 7, 2015

1. [00] How many combinations of n things taken n — 1 at a time are possible?
There are ( ”1) = n combinations of n things taken n — 1 at a time. Intuitively, each distinct set
of n — 1 objects leaves out a single item, and there are n items.

2. [00] What is (J)?
We have

(o) = -

==

Intuitively, there is only a single way to choose nothing from nothing.
3. [00] How many bridge hands (13 cards out of a 52-card deck) are possible?
There are (i’g) = 635013559600 possible bridge hands, as we are choosing 13 from 52 things.

4. [10] Give the answer to exercise 3 as a product of prime numbers.

The answer to exercise 3 was (?g) = 13!(5522113)! = 135!%!9!. We can use Eq. 1.2.5-(8) to determine

the prime factorization of each factorial and then the answer as a whole as

52\ 52

(13)‘13!39!
_ 249.323.512. 78 . 114 .13 . 173 . 192 . 232 . 29 - 31 - 37 - 41 - 43 - 47

©210.35.52.7.11-13.235.318.58.75.113.13% . 17219223 -29 - 31 - 37
219,328 51278111 .13 . 173 . 192 . 232 .29 - 31 - 37 - 41 - 43 - 47

B 245.323.510.76. 114134 .172.192. 2329 - 31 - 37

=92%.52.72.17-23-41-43 - 47.

» 5. [05] Use Pascal’s triangle to explain the fact that 114 = 14641.
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By the binomial theorem,

1% = (10 +1)*

_ 4 k14—k
= > (k> 10%1
0<k<4
4 4 4 4 4
(1o (o) s (oo () (o)1
= (1)10" + (4)10° + (6)10* + (4)10" + (1)10°
= 14641.

That is, the digits represent the row in Pascal’s triangle for (2), 0<k<4

» 6. [10] Pascal’s triangle (Table 1) can be extended in all directions by use of the addition formula, Eq.
(9). Find the three rows that go on top of Table 1 (i.e., for r = —1, —2, and —3).

Using Eq. (9)

ry (r—1 n r—1

k) k k—1
we can extend Pascal’s triangle (Table 1) for r = —1, —2, and —3 as
rl) O 6 @ 6O 6 @ @O 6 6
301 -3 6 -10 15 -21 28 -36 45 -55
21 -2 3 -4 ) -6 7 -8 9 -10
-1 1 -1 1 -1 1 -1 1 -1 1 -1
since (5) = 1, (1) = r, and (") = () = :20)-

7. [12] If n is a fixed positive integer, what value of k makes (}) a maximum?

Proposition. (Z) < ([7:;2]) = (Ln'/lzj) for all integers n > 1, k.

Proof. Let n, k be arbitrary integers such that n > 1. We must show that

(1) = (rren) = ()

First, we must show that the binomial coefficient is monotone in k, 0 <k < [%]. That

is, that
n n n
< <k |—=|.
<k—1)_<k> 1_k_[2—‘
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But

[ﬁw k§n+1

2k<n+1
k<n—-k+1
E<n-—(k-1)

R
n—(k—1)

k n n
S — <
n— -1 \k) = \k
k n! n
<
n—(k—1)kl(n—Fk)! =~ \k
n! n
<
(k—D!(n—(k—1))! — \k
n n
< .
(2= ()
And by definition, since (2) =0<1= (g) for k < 0, we have in general that if k < ("1

()=0) 5
(Z> = <fn721>'

e[

nfk<n7[

[N S A A A

or equivalently that if k¥ < [%]

In the case that k > [%],

|3

==

< —‘
—nNn

<— n—k<n+{2J
—nNn

< n—kz<\‘n+2J

<—

.t

(1) = (") = () = ()

That is for all integers n > 1 and k

(&) = Crafer) = ()

as we needed to show. O

so that

8. [00] What property of Pascal’s triangle is reflected in the “symmetry condition,” Eq. (6)?

The property of Pascal’s triangle that is reflected in the “symmetry condition,” Eq. (6), is the
symmetry of the triangle itself. That is, each row, not counting zeros, is palindromic: values read
the same left to right and vice versa.
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9. [01] What is the value of (')? (Consider all integers n.)
Since (") = (8) =1 and (:) =0 for k£ < 0, we have

(n) )1 ifn>0
n) |0 otherwise.
» 10. [M25] If p is prime, show that:

n

2 (3)
()

V‘J (modulo p).

i =0 (modulo p), for 1 <k <p-—1.
(pk )_ 1) (modulo p), for 0 < k < p—1.
pzl)_o (modulo p), for 2 <k <p— 1.
(E Lucas, 1877.)

(Z) - (%D (Z e ﬁ) (modulo p).

f) If the p-ary number system representations of n and k are

n=ayp" +---+a1p + ao, n Gy ar (ao

th e dulo p).
k=bp" + -+ bip+ b, en (k) (br> (b1>(b0) (modulo p)

The answers to exercise 10 follow below.

a) We may prove the equivalence.

Proposition. (Z) = {%J (mod p).

Proof. Let n and p be arbitrary integers such that n > 1 and p prime. We must

show that . "
()-[3]

G)=Cm)G L?‘.?Si)

But given (e) with k = p,

as we needed to show. O

b) We may prove the equivalence.

Proposition. (?) =0 (mod p) for 1 <k <p-—1.
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Proof. Let p and k be arbitrary integers such that p is prime and 1 < k < p — 1.

‘We must show that
(i) =0 (mod p).

But given (e) with n = p, and since k/p < 1,
p lp/p]\ (pmod p
Lk/p]/ \k mod p

<
00

0
(mod p)

as we needed to show. O
¢) We may prove the equivalence.

Proposition. (7,') = (-1)* (mod p) for 0 <k <p—1.

Proof. Let p and k be arbitrary integers such that p is prime and 0 < k < p — 1.

We must show that )
(p f > =(-1)" (mod p).

If k£ = 0, then clearly

Then, assuming

we must show that

) R

But by the addition formula and (b),

as we needed to show. O

d) We may prove the equivalence.

Proposition. (pzl) =0 (mod p) for2<k<p-1.

Proof. Let p and k be arbitrary integers such that p is prime and 2 < k < p — 1.

‘We must show that )
<ka: ) =0 (mod p).
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But by the addition formula Eq. (3) and (b),

()= () 2)
=0+0
=0 (mod p)

as we needed to show. O
e) We may prove the equivalence.
iy — (ln/p] d
Proposition. (}) = (LZ/iJ)(Z mod p) (mod p).
Proof. Let n, k, and p be arbitrary integers such that p is prime. We must show

that (/o] q
(1) = (ip)) Gimeay) (ot
Note that
n:{ZJp—I—(nmodp) 0 <nmodp<p,
k:Lk;Jp—i-(k‘modp) 0 < kmodp < p.

Also note from Eq. (7), that

with 7 = pl™/Pl and s = k implies

<ptn/pJ> 0 (mod p)

S
and for arbitrary x that

(z+1)/PlP = (P 4+ DI/PL (mod p).

Then, for arbitrary = by the binomial theorem,

3 (Z) o = (z+1)"

0<k<n

=(z+ 1)Ln/pjp(x +1)" mod p
= («P + DI/Pl(z 4 )" medP  (mod p)

(200 (5 )

2
0<i<|n/p) 0<j<n mod p

= S (LnﬁpJ) <n m;)d p) vt

0<ip+j<|[n/p|p+(n mod p)

5 (rn) Ghmeap)™

0<k<n

(2 4 1)Ln/plp+(n mod p)
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or equivalently, by equating coefficients

(1) = (a) Gimeay) tmoa»

as we needed to show. O

f) We may prove the equivalence.

Proposition. If n = Zogigr a;p’ and k = Zogigr bip?, then (Z) = Hogigr (‘Zl)
(mod p).

Proof. Let n, k, and p be arbitrary integers such that n = Zogigr a;p* and k =
>0 <i<r b;p" are the p-ary number representations of n and k with r coefficients a;,
b;, respectively, 0 < i <7 and 0 < a;,b; < p. We must show that

n a;
<l€> = H (bz) (mod p).
0<i<lr
If r =0, then n = ag and k& = by, and clearly,
n _ an
k) \bo

() min

0<i<r

Then, assuming for an arbitrary integer 7 > 0 with n = > _,_, a;p’ and k =

Zogigr b;p’ that
n a;
<k:> = H <b) (mod p),
0<i<r N

(1) = By (3) Gmod)

for ' = a,ap™t =300y aip’ and K = bepap™ 4k =300 biph

we must show that
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But given (e)

n’ mod p
k" mod p
_;1) ZOSiSH—l aipiJ

L ,
b D 0<i<rl biPIJ

(ZOSiSrH a;p’ mod p
20§i§r+1 bip’ mod p

)

_ZO§i§r+1 aipi1J>

_ZOSiSH—l bipi_lJ

)G

> o0<i<r bit1p’

> (Zofigr i1’

Zogigr biy1p*

()

ago

N—— —0

as we needed to show.

E. Lucas, American J. Math. 1 (1878), 229-230; L. E. Dickson, Quart. J. Math. 33 (1902),
383-384; N. J. Fine, AMM 54 (1947), 589-592.

» 11. [M20] (E. Kummer, 1852.) Let p be prime. Show that if p™ divides

a+b
a
but p"*! does not, then n is equal to the number of carries that occur when a is added to b in the p-ary
number system. [Hint: See exercise 1.2.5-12.]

Proposition. If p is prime and p™ | (a:b) but p"t1t (a:b), then n is the number of
carries that occur when a is added to b in the p-ary number system.

Proof. Let p, n, a, and b be arbitrary nonnegative integers such that p is prime,

n (0+D
p I( >
a
+0b
pn+l/f(a >
a

We must show that n is the number of carries that occur when «a is added to b in the p-
ary number system. That is, given representations a = >y <, aip®, b= D o<k<r bep”,

and
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and a +b =c =3 .., cxp", that n is zero for a + b < p and increases by one for

every additional carry.
But
a+b\ [ec
a \a

c!
~alb!
and for p from exercise 1.2.5-12,
o c pr(e) c!
PRI T pelahpen | gl
(e)—u(a) =) |

”w
# alb!

n = p(c!) — p(al) — p(d)).

11

Then,

n=p(c)—p(al) — (0

_ - Zogkgr Ck a— Zogkgr ar  b— Zogkgr b,

p—1 p—1 p—1
c— (Zogkgr Ck) —a+ (Zogkgr ak) —b+ (Zogkgr bk)
= -~
2 o<k<r Ck T 2o<h<y @k T D o<k<, Dk
p—1
B Zogkgr ag + by — ¢k,
= - ,

To see show that n is the number of carries, we construct an inductive argument.
As our basis, we consider a + b < p, so that r = 0, a = a9 < p, b = by < p, and
a+b=c=cy < p. In this case, we have no carries, and n is given by

. > o<k<r Ok + b — i _a+tb—c —0
p—1 p—1 ’

as expected. Then, assuming n is the number of carries for arbitrary r and a + b = ¢,
we must show that n’ =n 4 1 for a + b = ¢’ given a single carry from digit k — 1 to &
as a result of the addition of ay_1 + bp_1 > p, establishing the relation

c,—p ifk=r-1
k=1cp+1 ifk=k

Ck otherwise.
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But
o 2 o<k<r Gk + bk — ¢,
p—1
Yo o<k<r ar+bp—ci+Y o<k<r ar+bp—c
_ k—1<k<k k<k—1Vk<k
p—1
A1+ bs—1— g+ an+be—c+>. o<k<r ap+bp—c
— k<k—1Vk<k
p—1
a,{,1+bﬁ,1 - (Cnfl _p)+an+bn - (Cn+1)+z 0<k<r ak+bk — Ck
= k<k—1Vk<k
p—1
p—14ae_1+be1—Coc1+an+be—cu+d o<k<r apt+bp—ci
= k<k—1Vk<k
p—1
p—14+> o<k<r Gr+bp—ck+Y, o<k<r ar+bp—ck
_ rk—1<k<k k<k—1Vk<k
p—1
B p—1+20§kgrak+bk — Ck
= o1
do<k<r Ok T —ck  p—1
= =0sks +
p—1 p—1
=n+1
as we needed to show. O

Knuth and Wilf, Crelle 396 (1989), 212-219.

12. [M22] Are there any positive integers n for which all the nonzero entries in the nth row of Pascal’s
triangle are odd? If so, find all such n.

We want to find all positive integers n such that if (}}) > 0, then (}) = 1 (mod 2). Let k be an
arbitrary integer such that 0 < k < n, and, from Eq. (3), so that ( ) > 0. We want to find n

such that
(Z) =1 (mod 2).

But, by exercise 1.2.6-10(f), given the binary representationsn = > ..., a;2° and k = >, -, b;2",

(1) =11 ;)

1 (mod 2)

if and only if each (Z) = 1. Since for each a; and b;, 0 < a;,b; < 1, of the four cases, we require
b; < a;; or equivalently, we require a; = 1 unless n =k = 0; or

n = Z 20
0<i<r
=ortl 1.

Hence, all the nonzero entries in the nth row of Pascal’s triangle—those for which 0 < k£ < n—are
odd if n = 2™ — 1 for some integer m > 0. (This can be generalized to nondivisibility by a prime
pifn=ap™—1forl1<a<p.)
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13. [M13] Prove the summation formula, Eq. (10).

Proposition. > 5 ;. (H,;k) = ("

Proof. Let n and r be arbitrary integers such that n > 0. We must show that

Z <r+k> B <r+n+1>
k B n ’
0<k<n

Z r+k B r+k
k N k
0<k<n 0<k<0

If n =0, from Eq. (4),

Then, assuming

Oén(rzk) _ (7‘+Z+1>’
2, (1=

0<k<n+1

k 1 k
> (-0
k n+1 k
0<k<n+1 0<k<n
(r—i—n—i—l) <r+n+l)
= +
n+1 n

(r+n+1)! (r+n+1)

we must show that

But

(n+1)r! nl(r+1)!
D+ (1) (r+n+ 1)
(D) 1) (n+Dr+1)!

D+ D)+ (n+ 1) (r+n41)!
B (n+ Di(r+1)!
(r+n+2)(r+n+1)!
(n+ D)!(r+1)!
_ (r+n+2)
(D4 1)!

_(rt+n+2
N n+1

as we needed to show.

11
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14. [M21] Evaluate Y ;_, k*
For an arbitrary integer k£ > 0,

K=Y {4,}kj from Bq. (45)

0<s<4

o<3<4{ } (?) from Eq. (3)
1) e s) o)+ ()

Summing over k and from Eq. (11),

O;nk‘* O<k<n( (D +36< > + 14(2) + <If>>
= 2403;@ <IZ> + 36 ng:gn (l;,) + 140<k<n <I;) < )

(D))

ﬂ5 n4 n3 n

R RED

= sonln+ 1)(n+ (3% + 30— 1)
n(n+1)(n+3)(3n* +3n - 1)

15

15. [M15] Prove the binomial formula, Eq. (13).

Proposition. (z+y)" = > .<, (;) %y "
Proof. Let x, y, and r be arbitrary integers such that » > 0. We must show that

(x+y) = Z <k>mkyr k.
0<k<r

If » = 0, then clearly

Il
N\
(=)
N~
53
(=}
<
=}

Then, assuming
@+y) = > (;) zry
0<k<r

we must show that

1
(:C + y)r+1 Z <TZ >xkyr+1k'

0<k<r+1
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But

(z+y) =@ +y)(z+y)

=(@+y) Y. (k>xkyr k

0<k<r

e (o 3 (e

0<k<r

[l Il
™ (]
| o
~
N———
IS
ol
+
_
Nag
i
ol
_|_
/\
N—
8
ol
Ne
:
+
=
bl

xkyr+1k+2(>kr+1k

0<k<r

(]

My from Eq. (9)

Il
—_
IN
e
A
S
+
=
/\/\g\/—\
=
—_
S N~ "
&w
NS,
-
+
-
-
+
(==}
AN
>
A
S
N
~__
8
>
<
-
+
T
>

as we needed to show.

16. [M15] Given that n and k are positive integers, prove the symmetrical identity

(7))

Proposition. (—1)"(, ") = (—1)%( _k).

n—1

Proof. Let n and k be arbitrary positive integers. We must show that

cr( )=o)

But
(1) <k_n1) = (=)=t <k a }i? a 1) from Eq. (17)
= (—yrere (” e 2)

. 1(n— 1+11~c— 1)

n—1+k—1
- (n—1+kz—1—(k—1)> from Bq. (6)
n—1+k—1

n—1

= (-1* (n _ 1) from Eq. (17)

as we needed to show.

13
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» 17. [M18] Prove the Chu-Vandermonde formula (21) from Eq. (15), using the idea that (1 4 z)"** =
I+ 2)"(1+ )5

Proposition. ;. (0 G =)

Proof. Let r and s be arbitrary positive integers. We must show that

ngkér (2) o = (14 2)"

from Eq. (15)
and from the identity
But

0<n<r+s

Equating coefficients yields

as we needed to show. O

18. [M15] Prove Eq. (22) using Egs. (21) and (6).

PI‘OpOSitiOIl. Zk (mik) (nik) - (rjn—:.in)

Proof. Let m, n, r, and s be arbitrary integers such that r > 0. We must show that
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But
Z(m:-k) (nj—k> kzm(ﬂH-l:—m) (n—I—l:—m)

S (i)
() n-)
— zk: (;) (S . fm - n) from Eq. (6)
_ (TJFS_":fm_n) from Eq. (21)
_ (r _T;in> from Eq. (6)

as we needed to show. O

19. [M18] Prove Eq. (23) by induction.

Proposition. Y, (}) (S+k)(—1)7'_k =(,°,) for integers n, r > 0.

n

Proof. Let n, r, and s be arbitrary integers such that r > 0. We must show that

20 )r=(l)

Ifr=0

Then, assuming

we must show that
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But
S
(0 (D)
B 1] RS (B
[ T Gy T
SO (Lo
()00
G) -6
o) 60
(a6
()
Ts—ntrHln—nls—n+r)
T n-r— 1)!(5!—n+r+1)!
B <n—f~—1>
as we needed to show. O

20. [M20] Prove Eq. (24) by using Egs. (21) and (19), then show that another use of Eq. (19) yields Eq.

(25).

We may prove Eq. (24) using Eqs. (19) and (21).

Proposition. Y, . (T;Lk) (.2 )(—Dkt = (::tt:;) for nonnegative integers
t, r, and m. o

Proof. Let r, m, s, and t be arbitrary integers such that r,m,t > 0. We must

show that L
r— s k=t _ [T —t—s
> (OGS )er =550
0<k<r
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But

Z< (ka) (k i t) (-DF =0 (e (riﬂzt;i) (k ° t) (~1)**  from Eq. (19)
z o ()

0<k<r

N G B

0<k<r

=ty (7« __Zj i)m> <Z>

—t<k—t<r—t

- ()G

= (=1)rt—m <i : :fn—_rrt) from Eq. (21)

yrt=m r—t—-m-r+t+s—1
r—t—m

(r—t—5> from Eq. (17)

r—t—m

as we needed to show. O

We may also show that another use of Eq. (19) yields Eq. (25).

Proposition. Zogkgr (r;k) (S:k) = (7;1:;11

Proof. Let m, n, r, and s be arbtirary nonnegative integers. We must show that

(r—k)(s—i—k) (r+s+1)
ngkgr m n m4+n+1)
But

ogzkgr (’“ ;&k> <S . k) - o<§k:<T <T ;%k) (o (s_ J(rn;—lvi) from Eq. (19)
- ¥ ()G e

) for nonnegative integers m, n, r, and s.

from Eq. (24)

from Eq. (6)

as we needed to show. O
» 21. [M05] Both sides of Eq. (25) are polynomials in s; why isn’t that equation an identity in s?

According to the text on page 57, any polynomial >, -, axs” can be expressed as > < bk (3)
for suitably chosen coefficients by, by, - - - , by.
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And so, the left hand of Eq. (25) can be expressed as
r—Fk\[(s+k\ k.
> ()00 2 e
0<k<r 0<k<n

that is, a polynomial of degree at most n for suitably chosen coefficients ag, a1, - ,ay,; and the
right hand of Eq. (25) can be expressed as

r+s+1
()5
mo+n+ 0<k<m+n+1
that is, a polynomial of degree at most m+-n+1 for suitably chosen coefficients ag, a’, -+ ,al, -

Therefore, even though both sides of Eq. (25) are polynomials in s, since they do not agree at all
m + n + 1 possible points, the equation does not serve as an identity in s.

22. [M20] Prove Eq. (26) for the special case s =n —1—r + nt.

Proposition. Zogk (T_ktk) ("_1775?75’“)) E = (”;1) for integers n.

Proof. Let r, t, and n be arbtirary integers. We must show that

é(r;tk)c_ln__(l_tk))rjtk _ (n;1>

We consider two cases, depending on whether & < r — tk or not.

Case 1. [k <r — tk] In the case that k < r — tk,

E<r—tk = —(r—tk)<—-k

= n—(r—tk)<n-—k
= n—-1—(r—thk)<n-—k
—

n—1—(r—tk)
=0
()
which gives us that

g(r;tk>(n_ln—(2_tk)>rrtk:(): (n;l)

Case 2. [k > r — tk] In the case that k > r — tk, clearly

r—th<k =—> (T_ktk)zo

in this case.

which gives us that
Z r—tk\ (n—1—(r—tk) T _ o= n—1
k n—=k r—tk n

0<k

Therefore, in either case, we have that

()Z;c(rktk)(nln_(;tk))Tjtk_o_ (nn1>

as we needed to show. O

in this case.
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23. [M13] Assuming that Eq. (26) holds for (r, s, t,n) and (r,s —t,t,n—1), prove it for (r,s+1,t,n).

Proposition. If20<k (T tk) (s_:t(fk_k)) =% = (T_Sn_m) and Zogk (T_ktk) (S;i(ircl:f)) % =
(5 then Yoay, () T i = (7).

Proof. Let r, s, t, and n be arbitrary integers such that

Z<r—km>(s—;<n;k>>rrtk (r—sn—m>

0<k

S () ()

We must show that

Z(T_ktk><s_t(:—_:)+1)rjtk (r—s—ntnﬁhl).

0<k

and

02 <T_ktk> (S_t(n_:) H)r—rtk

() ((“”"ﬂ)+<t“z—f))>r:k

S 31 (i | Q) = of (i [ ) P
ET ) j)(’" i_f”>

24. [M15] Explain why the results of the previous two exercises combine to give a proof of Eq. (26).

The results of the previous two exercises combine to give a proof of Eq. (26) as a proof by
induction on n.

In the case that n < 0,
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and in the case that n =0,
r—tk\ (s —t(n—k) T r\[s\T

> () ) G0
1
r+s
(o)
r+s—tn
()

Otherwise, in the case that n > 0, we may construct a proof by induction on m > —1 with
s=n—r+nt+m. lf m=-1,

()0
_Z<r—ktk)(n—r+nt+n;—t(n—k)> rk
n— r—t

0<k

:Z<r—ktk>(n—l—r:ntk—t(n—k))rrtk

0<k

_ <kC“;w>(n_lng_tm>rj?k

1
" ) by exercise 22

n
n-—+m
)
+

T n—r+nt+m—tn)

(
(
(
(

T+s—tn>

Then, assuming

and

we must show that

g;(r;m>6—¢%::%+vrjgk:(r—s;m+4>

But, by exercise 24

E:(Tk%)ctg—:)+vrj#k:(rSnm+1)

0<k

and hence the result.
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25. [HMS30] Let the polynomial A, (z,t) be defined as in Eq. (30). Let z = z'™' — 2!, Prove that
>op Ag(r,t)z" = 27, provided z is small enough. [Note: If t = 0, this result is essentially the binomial
theorm, and this equation is an important generalization of the binomial theorem. The binomial theorem
(15) may be assumed in the proof.] Hint: Start with the identity

S ()=

J

Proposition. Y, Ax(r,t)2* = 2" for z = 2! — 2! sufficiently small.

Proof. Let A, (z,t) be the nth degree polynomial in x that satisfies

xz—nt T
An(x,t):( n )J;—nt

for x # nt; and z = 2!t! — 2? sufficiently small. We must show that
ZAj(r, t)z! =
J

We may first prove that the sum converges by using the ratio test; that is, that

Appa (1, 8) 2
Ag(r,t)zF

lim

k—o0

But if z is sufficiently small, |z| < 1/¢, or equivalently, |[—tz| < 1, then

1> |-tz

_ I (r — kt)

Tt | (k1) ”

~ lim H ( —k‘t)(r—(k—l—l)t)(r—k;t—i—l—j)z
koo s L =G+ (E+1)(r—kt+1-j)

(r—kt)(r—(k+0t—k)(r—(k+1)t+1—7)
(r—(k+t)(k+ 1)(r—kt+1—7) i

lim
k—o0

v
—

1<j<k
i (r = kt)z(r = (k+ Dt = k) [ T4 (r = (K + Dt + 1)
= 11m —
oo | (P (k4 DR+ D Loy (r — k41— J)
r—(k —k —(k —J
= lim (r = k)2 = T gy =
ko0 (r—(k+ 1)) H1§j§k T_ktjﬁ
. (r—kt)z]T<j<pt %
= lim |\ —— ]
o (r=(k+Dt)[1<;<x J
r—(k+1)
_ ( k+1 ) r— k)
= lim
k—o0 (T ) r—(k+1)t)
r—(k+1)t T
. ("r )m
= k T
k—o0 (7 k t) r—kt
A (r )z

hovoo | Ag(r, t)

k—oo | Ag(r,t)zk
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and hence the proof of convergence.

S () o

J

Then, given the identity

and letting # = 1/(1 + w) so that z = —w/(1 + w)!*! = 2! — 2!, we have that

1 = doo

_Z (1 + w) Ity

_Z 17 A (r, ) (1) 79 (1) — 1)
_ZA (r,t)(=1)7 (1 /)"t (1 )x — 1)
_ZA rt)(=1) (1o — 1) (1 /) 7t
fZA rt) (=1 (1/a — 1)7(1/2) =7t (1 /)"
—ZA ) (= (1/z = 1) ((1/x) ™7 (1)
= ZA] ) (1= 1/2)z ) (1))

= iAj (r ) (2" — 2ty (1)

fZA )2 (1))

or equivalently, that

Z Aj(r,t)2) = 2"

as we needed to show.

22
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H. W. Gould, AMM 63 (1956), 84-91.
26. [HM25] Using the assumptions of the previous exercise, prove that

Z r—tk\ ,  a"t!
k) T+ et

k

o e — r+1
Proposition. Y, ("/*)z% = (et

Proof. Let A, (z,t) be the nth degree polynomial in = from exercise 25 that satisfies

Ao t) = (:v - nt) z

n xr—nt

for x # nt; and 2z = '™ — 2! sufficiently small so that |2| < 1/t. We must show that

r—tk\ 4 gl
> () = s
k (t+1Dax—t

k

From exercise 25, we have that >, Ax(r,t)z¥ = 2", or equivalently that

1= ZAk(r, )T
k
= A(r )@ — af)rz
k

=) Ag(r, )2t (@ = 1)
k

we have by definition that
dz

dz
d

— 7(.,L,t+1 _ :L‘t)

dz
dx
_ Dt — ¢t—1
(t+ Dz’ —tx )—dz
dx
— t—1 1 _ _
2 ((t+ Dz t)dz

or equivalently that
dx T

dz 2 ((t+ Dz —t)

and we also have that £ 3> Ay(r,t)2F = 3, kAg(r,t)251 = d(f;), or equivalently
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that
d T
E kA (r, 1)z = 2 (a7)
- dz
dz
S R A
(x x)re P
_ (xt+1 — at)yrg L o
2t ((t+ 1)z —t)
2
R x B x
(A oy s el Py P
r x—1
=rg’ —————.
(t+ Do —t

Finally, diffirentiating the first equality yields

d
—1=0

dx
B (Z N ”k)
=3 Ap(r,t) ((z = DF(th — ) (@™ 771 + 2™ k(z — 1)F1)
= zk:Ak(r, ) (th =)@ )+ 2 "k(z — 1)71) (z — 1)F2'*
= zi:Ak(r, ) (th—r)(@ " +a2 "k(z—1)"") 2~

= Z(tk —r)(z7 ") A (r 1) 2F + Z e "k(x — 1) Ag(r, 1) 2"
k

k

_ Z(tk_r)(x—r—l)(r_kk’t) jktz +Zx—rk 1Ak(’l“ t) k
k

_Z T 1( ) +Zx "k(z — 1) Ay (1) 2"

:—rxlz<r_k )z +(x—-1)" ZkAth
k
1 r—kt\ . 4 . z—=1
= 71 —
re ;( i >z +(z—-1)""re T
I r—kt\ 4 rz’
- ;( k >Z R Ty
if and only if
r—kt\ ., = ra’
S ()t
- k rt+1l)x—t
B xr-i—l
C(t+Da—t
as we needed to show. O

27. [HM21] Solve Example 4 in the text by using the result of exercise 25, and prove Eq. (26) from the
preceding two exercises. [Hint: See exercise 17.]
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We may solve Example 4 from the text using the result of exercise 25.

Proposition. Y, Ay(r,t)An—_i(s,t) = Ap(r + s,t) for nonnegative integers n.
Proof. Let A, (z,t) be the nth degree polynomial in x from exercise 25 that satisfies

r —nt T
An(x,t):( n ):cnt

for z # nt; and z = 2Tt — 2t sufficiently small so that |z| < 1/t. We must show that

> Ak(r ) Ap_i(s,t) = An(r + 5,1).
k

From exercise 25, we have that Y A, (r+ s,t)z" = 2”75, And so,

ZZAkrt Ap_k(s,t)z ZZZAkrt s,t)z"

Equating coefficients yields

D Ap(r 1) An_k(s,t) = Apn(r+ s,t)
k

as we needed to show. O

We may also prove Eq. (26) from the preceding two exercises.

Proposition. Sy () (1) 2 = (5.

Proof. Let n be an arbitrary integer. We must show that

l;)<rktk> (s;(izkk))T_rtk (r+2tn>.

From exercise 25, we have that >, o, Ax(r,t)zF = 2" and from exercise 26, we have
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that 3 (s t )zl = W Multiplying both equations yields
J)S+1 xr+s+1

T

T Dzt (t+la—t

k>0 7
s—tn—k
ZZAk(T,t)Zk Z ( n(_k )) n—k
= fa

and again, from exercise 26,

T+S+1 Z + s — tn Zn
(t+1z—t ’
n
which gives us the equality

ZZ (r—kkt) <s —;(iz;k)%_rktzn :Z (T—i—jﬂb—tn)’znl

n k>0 n

Finally, equating coefficients yields

;E(T_kkt) (s—;(f;k))&: (T—Fi—tn)’

and hence the result. O

28. [M25] Prove that
r+tk\ (s —tk) _ r+s—~k\ ;.
() -2 )

k>0

if n is a nonnegative integer.

Proposition. ), (Htk) (- tk) > k>0 (T:S kk)tk for n a monnegative integer.

Proof. Let n be an arbitrary nonnegative integer. We must show that

5 <r+ktk> (i_tll;> kz;:(r:;ikk)tk

k
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Ifn=0,

k

SOl

Then, assuming
r+tk\ (s —tk\ r+s—k\ .
IO (R [ B 91 (R
k k>0
we must show that
r+tk s—tk \ r+s—Fk\ .
;( k )(n+1k)_z(n+1k>t'

k>0
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But from Eq. (26),

()G =X T

s —tk T
n+1—k)r+tk

s—tk \r—+tk
k

s —tk tk
n+1—k/r+tk

r+tk s —tk tk
k n+1—k/)r+tk

k r+tk s —tk

t [

T zk:r—i—tk:( k >(n+1—k>
r+tk—1 s —tk

+tz< k-1 )(n+1—k>

T—i-t(k:—l-l)—l)( s—tk+1) )

k+1-1 n+1-—(k+1)

)
)
)3
() ()
)2
)3
)

r+t—1+s—t—k)tk

n <r+s—(k+1)>tk+1
>0

f n+1—(k+1)

r+s5—0)\ g r+s—k\

= t t
<n+1—0> +kz>:1(n+1—k>

as we needed to show. O
29. [M20] Show that Eq. (34) is just a special case of the general identity proved in exercise 1.2.3-33.
Eq. (34) for r > 0 is

> (2)(—1)”@ ST bikd =rlb,,

k 0<y<r

28
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while the general identity proved in exercise 1.2.3-33 is

0 fo<j<r—1
> =11 ifj=r—1
1<r -1
1<h<r H1<< ) Yicner b ifj=r.

Thus,

£ £ o 3 (o 5o

k 0<j<r 0<k<r 0<j<r

> z()

0<j<r 0Zk<r

b Y k'r~— (1) Fp

0<j<r 0<k<r

:r’zb Z Tkk'?"—k)'

0<j<r 0<k<r

J
=r >0 > e |
0<<r  0<k<r ngigrfk(_l) ngigk ¢ ngigrflc ¢

:r!§:bj§: ,M

0<;<r 0<k<r H1§z‘§k ¢ H1§¢§r—k(_i)

=rl )b > _H

0<j<r 0<k<r H0<i<k—1(k — i) Hk+1gigr(k — i)

= Z Z HO<1<T —2)

0<j<r 0LZk<r

k]
=rl 2 b ) Mz (1)

—1<j<r—1 1<k<r

= ’I’!brfqu(l)
=rlb,

and hence the result.

» 30. [M24] Show that there is a better way to solve Example 3 than the way used in the text, by
manipulating the sum so that Eq. (26) applies.

We wish to evaluate the sum from Example 3
— \m + 2k)\ k) k+1
for positive integers m and n, using Eq. (26)

Z 1+2k\ /[—m—1-2k 1 B -m
k n—-m—%k J14+2k \n—-m)’
E>0




Exercises from Section 1.2.6

But
- m + 2k k) k+1
Z n+k 2l<:( 1k 2k +1
N m+ 2k E+12k+1
Z n+k\2k+1/2k\ (-1)*
—~\m+2k) k+1\k/)2k+1
n+k\ (2k+1) (-1)*
m+2k/\k+1/2k+1

(
2 ) (4 e

72(71)n+k7m72k —(m+2k+1)\ [2k+ 1\ (—
o n+k—m-—2k k 2k + 1

e I G [

L U [ G B
(i [ 1)
( )i

1+2k>(m12k

nm

2k +1

n—-m-—=k 1+ 2k

and hence the result.

» 31. [M20] Evaluate

SO

in terms of r, s, m, and n, given that m and n are integers. Begin by replacing

r+k T
b
<m—|—n> Y Ej:<m+n—j

30

from Eq. (7)

from Eq. (6)

from Eq. (19)

from Eq. (26)

from Eq. (17)

from Eq. (6)
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e e
("6
() S () C)

") )

m;+s>( r+8])<n+rs)<m+n_3> from Eq. (20)

e e

C ) () e

=Z<m_f+s><m+;_j)§k:(ﬁ—]ﬂii))(ﬁiiz)

DO s TERANS b ol (s [ (A

m _; + s> (m+; ) j) (n +: —j) from Eq. (21)

<
<

T
|
|

(S). from Eq. (21)

J. F. Plaff, Nova Acta Acad. Scient. Petr. 11 (1797), 38-57.
2. [M20] Show that 3, [}]a* = 2™, where 2™ is the rising factorial power defined in Eq. 1.2.5-(19).

Proposition. Y, [7]z% = 2™

Proof. Let 2™ be the rising factorial power defined as

" = H (x + k).

0<k<n—1

We must show that
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But
I HEED SIS
k k :
D IR
ol
DM IC G C
= Lk
=3 LU D () T (=)t
ol
—0r Y [ o
k
=(-1)"(—x)™ from Eq. (44)
=z" from Eq. 1.2.5-(20)
as we needed to show. O

33. [M20] (A. Vandermonde, 1772.) Show that the binomial formula is valid also when it involves factorial
powers instead of the ordinary powers. In order words, prove that

CESISEDD (Z) dhyrks ()= (Z) iy F,

k k

We may prove the formula for factorial falling.

Proposition. (z +y)2 =", (7)zky2=k.

Proof. Let n be an arbitrary nonnegative integer. We must show that

(@+ym=> (Z) ahyr=k,

k

If n=0,

Then, assuming

we must show that
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But

(z+y)" = (z +y —n)(z +y)*

= (a:—&-y—n)z <Z>J;ky"k

Z)xkynk (x = k) + (y — (n— k)))
s e

<
<
(o Qv
<
‘

(41) () o

1
Z ) hyntl=k from Eq. (9)

[
wM -1 - - -

as we needed to show.

We may also prove the formula for factorial rising.

Proposition. (z+y)" =", (Z) iﬁzym-

Proof. Let n be an arbitrary nonnegative integer. We must show that

(z+y)" = Z (Z) aFy k.

k

Ifn=0,

Then, assuming

we must show that

33
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But
(@+y)" T =(@+y+n)(z+y)”
:(a:+y+n)z<z>xky"k
Z( ) (@ B+ (o (0= K)
k

;(Z) LTy k*Z( > O ]
I e
() ()
:Zk:< Zl> Fynfi=k from Eq. (9)

as we needed to show. O

34. [M23] (Torelli’s sum.) In the light of the previous exercise, show that Abel’s generalization, Eq. (16),
of the binomial formula is true also for rising powers:

(ery)"—;(Z) a(z —kz 4+ 1) Ny + kz)"™

Proposition. (z+y)" =, (})z(z — kz + DRy + kz)F

Proof. Let n be an arbitrary nonnegative integer and x an arbitrary nonzero real num-
ber. We must show that

(x+y)"=2(2) (x — kz+ 1)F(y + k2)"™

k

Given the general identity for arbitrary a

7w _ Ila+n)
I'(a)
(a+n)la
(a +n)al
(a+n—1)!
(a —1)!
(a+n—1)!
(a+n—1-—n)!
nl(la+n—1)!
- nl(a+n—1-n)!
nl(a+n—1)!
nlla+n—1-—n)!

— a+n—1
=nl " )
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we have that

(z+y)"
:n!<x+y—£n—1>
o zk: (ac - (zk— 1)k;> (y +nz—1 - Ezk_ 1)(n — k)) 967(5771)1{ from Eq. (26)
o Zk: %x _ (Zk:_ o (a: - (zk— 1)k> (y tnz—1 ;EZk_ 1)(n — k))
_ ’”@ % (:z: - (2:11);@ - 1) (y tnz—1 ;EZ,; 1)(n — k)) from Eq, (7)

mzk:i(z(zk_ll)k1>(y+kz;_nkk1)
Zk!(nnik,)!(k1)!(nk)!x(x_k§j:11)_1> <y+kz:_nk—k—1)

:;<Z>x(k—1)!<x‘k”k1_+f_1_1>(n—k>!(y+kzrk_k_l>

as we needed to show. O

A. Vandermonde, Mém. Acad. Roy. Sci. (Paris, 1772), part 1, 492; C. Kramp, Elémens
d’Arithmétique Universelle (Cologne: 1808), 359; G. Torelli, Giornale di Mat. Battaglini 33
(1895), 179-182; H. A. Rothe, Formulede Serierum Reversione (Leipzig: 1793), 18.

35. [M23] Prove the addition formulas (46) for Stirling numbers directly from the definitions, Eqs. (44)
and (45).

We may prove the addition formula for Stirling numbers of the first kind.

Proposition. [”;1] = ”[:@] + [ " ]

m—1

Proof. Let m and n be arbitrary nonnegative integers. We must show that

S RS
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But from Eq. (44),

Z(—l)nﬂ_k [n —]: 1] aF = gntl

k

and hence the result equating coefficients.

We may also prove the addition formula for Stirling numbers of the second kind.

Proposition. {"*'} =m{"} +{ " 1.

Proof. Let m and n be arbitrary nonnegative integers. We must show that

{0}

But from Eq. (45),

n
m

1

n
m—1

b

36
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and hence the result equating coefficients. O

36. [M10] What is the sum ), (7) of the numbers in each row of Pascal’s triangle? What is the sum of
these numbers with alternating signs, >°, (7)(—1)*?

Assuming n a nonnegative integer, from Eq. (13),

S5 ()

k k

and

=(=1+1)"
= On

= 6n0-

37. [M10] From the answers to the preceding exercise, deduce the value of the sum of every other entry in
arow, (g) + (5) + (3) +----

Again assuming n a nonnegative integer, from the preceding exercise,

> ()-=0) -2 ()

k even k odd

_ Dok (o) + 20k even (1) = 2ok oaa (1)
2

2k () 2k even () (D% 4+ 355 gaa () (=D
2
Sop () + 22, (D) (=D)F
2

_2n+§n0
2

B 1 ifn=20
o )2nl ifn o> 0.

38. [HM30] (C. Ramus, 1834.) Generalizing the result of the preceding exercise, show that we have the
following formula, given that 0 < k < m:

n n n _ 1 jm " jn—-2k)T
<k)+(m+k)+<2m+k>+ - m Z <QCOSm> o8 m '

0<j<m

(7;)+<z>+<:)+---:;<2n+2cos("_32)”>.

[Hint: Find the right combinations of these coefficients multiplied by mth roots of unity.] This identity is
particularly remarkable when m > n.

For example,

oy y n ¥ —2k
Proposition. -5, (;,h) = 3 0cjem (2008 25)" cos w
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Proof. Let k and m be arbitrary integers such that 0 < k < m. We must show that
1 i\ j(n — 2k
Z( " ): Z (2cosj7r> cosu.
, jm+k m & m m
7=0 0<j<m
2mi/m

Given w = e
t mod m =k,

and the sum of the geometric progression for ¢ restricted such that

Z A=k — Z (wtﬁk)j

0<j<m 0<j<m

) J
e27r7,(t7k:)/m)

Il
N

0<j<m (
(

(_1)2(t—k)/m>j

5

(1(t—k)/m>j
J

=[t—k=0 (modm)] » 1

0<j<m

=[t—k=0 (modm)m

0

A
A

m
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we have for the real part that

2 (nve) =, 2L ()
)
:Xt: <7Z)[tk_o (mod m)]
)7711 3 witeh)

I
g
<=

t 0<j<m
1 . n\ .
_ —Jjk Jt
Y e ()
0<j<m t
1 A ,
LY ey
m -
0<j<m
1 . 4
S R
m -
0<j<m
_ L ik (wj/2wj/2 n wj/2w—j/2)n
m -
0<j<m
_1 Wik in/? (wm n w—jﬂ)"
m
0<j<m
_ 1 I (n/2F) (wm n w—f/2)"
m
0<j<m
_ 1 Z 27ii (n/2—k)/m (ezmj/mz I e—27rij/m2)n
m -
0<j<m
_ 1 e e—i%)"
m -
0<j<m
1 i(n — 2k im\"
= — cosu <2cosj7r>
m & m m
0<j<m
1 i\ j(n—2k
= — (2 cos W) cos i(n )
m & m m
0<j<m
as we needed to show. O

C. Ramus, Crelle 11 (1834), 353-355; CMaith, exercises 5.75 and 6.57.

39. [M10] What is the sum Y, [}] of the numbers in each row of Stirling’s first triangle? What is the sum
of these numbers with alternating signs? (See exercise 36.)
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Assuming n a nonnegative integer, from exercise 32 we have that

RSN

=1"

= H (14 7) from Eq. 1.2.5-(19)

0<j<n—1

:Hj

1<j<n

-3 [ifer

SD DG N [C Vi
& L~ ]

_ _1\n—k -n- 1\
— _1 n—=k -n- lk _1 n
I NIC

- 121"
= ] a-nHenr from Eq. 1.2.5-(18)
0<j<n-—1
1 ifn=0
=¢—-1 ifn=1
0 otherwise
= 6n0 - 5n1-

40

40. [HM17] The beta function B(z,y) is defined for positive real numbers z, y by the formula B(z,y) =

[y 711 =ttt
a) Show that B(z,1) = B(1,z) = 1/x.
b) Show that B(x + 1,y) + B(z,y + 1) = B(z,y).
c¢) Show that B(x,y) = ((x + vy)/y)B(z,y + 1).

Let « and y be arbitrary positive real numbers and define the beta function B(z,y) as

1
B(x,y):/ t* (1 —t)¥Ldt.
0

a) We may show the first identity.

Proposition. B(z,1) = B(l,z) = 1/x.
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Proof. We must show that
B(z,1) = B(l,z) = 1/z. (68)
But by definition, both
1
B(z,1) = / 71—t at
0
0
= —/ (1=t 1 -1 —t) 1 at
1

1

:/ 1 — )" dt
0

= B(1,z)

and

1
B(:c,l):/ 11— )t
0

1
= / T dt
0

|t

T

0

K=& |~
SHE=}

and hence the result. O

b) We may show the second identity.

Proposition. B(z + 1,y) + B(z,y + 1) = B(x,y).
Proof. We must show that

B(x+ 1,y) + B(z,y + 1) = B(z,y). (71)

But

1 1
B(z +1,y) 4+ B(z,y + 1) :/ =1 —t)y’ldt—&—/ 11— )yttt
0 0

:/ (tz+1—1(1 )y—l _|_ta;—1(1 _t)y+1—1) dt
:/ A ) L S O ) T O S R N/
=/ (t+1—t)t" 1 —t)¥ Lt

:/ Y lat

= B(x

and hence the result. O
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¢) We may show the third identity.

Proposition. B(z,y) = ((z+y)/y)B(z,y + 1).
Proof. We must show that

B(x,y) = ((z +y)/y)B(x,y +1). (73)

But from integration by parts

1 1
—/ t2y(1 — 1)Y= dt = (1 — )Y, —/ 2t (1 — t)Vdt
0

0

which gives us that

1
Bz +1,y) = / t*(1 — ) Lat
0
1

+
0
1

+ —B(z,y+1)

(1 — 1)
Y
t*(1—t)Y
Y
1¥(1-1)Y 0*°(1—-0)Y
_ra-ny 0r1-0)

Y Y
T
= —B(z,y+1).
, B )

1
/ t*7 11— t)vat
0

< |8

8]

<

0

x

Then, from (b)
B(z,y) = Bz + 1L,y) + B(z,y +1)
= gB(lver 1)+ Bz, y+1)

x +
- yyB(:c,y+1)

and hence the result. O

41. [HM22] We proved a relation between the gamma function and the beta function in exercise 1.2.5-19,
by showing that Iy, (x) = m*B(z,m + 1), if m is a positive integer.

a) Prove that
Ly (y)m®

Blz.y) = (2 +y)

Bla,y+m+1).

b) Show that
L(x)I'(y)
Lz+y)

Define the gamma function for positive integers m as

B(l‘,y) =

m*m)!

Fm(x) = H()Sjgm(x +])7

so that from exercise 1.2.5-19
Ip(z) = m*B(x,m + 1).

a) We may prove the first identity.
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Proposition. B(z,y) = ll:m((z)f; B(z,y+m+1).

Proof. Let m be a positive integer. We must show that

x

T (y)m
Lz +y)

As an initial corollary, we will first show for positive integers k that

B(z,y) = B(xz,y+m+1).

r+y+yg
o<j<k 4T

If k =1 we have from exercise 40 (c) that

T+
B(z,y) = Tym

T+y+y
= I =B@y+h.
0<j<k yTJ

z,y+1)

Then, assuming

z+y+j
B(z,y) = f[g—ﬂfiB@w+k)

we must show that
TH+y+J

Bxy) = ] TV Bla,y+ k4 1).
0<j<k+1

But again from exercise 40 (c)

T+y+y
B(z,y)= [] fB(x,y + k)
0sj<k I

B H r+y+jr+yt+k
y+i  y+k

B(m,y+k+1)
0<j<k

T+y+y
= I “B@y+k+1)
0<j<k+1 Y+

and hence the interim result. Then finally,

T+y+jJ
B(z,y) = H #B(m,y—i—m—l—l)
o<j<mtr I

T+y+J
= I =2 Bay+m+)
0<j<m YT

. Hogjgm($+y+j)
B Hogjgm(y‘Fj)
. m*Ym! Hogjgm($+y+j)
T mEtum) Hogjgm(y+j)

B(z,y+m+1)

B(z,y+m+1)

mYym/! m*TYm)
= . — | m*B(z,y + m+1)
Ho<jcmW+3)/ Tlocjem(@+y+7)
Ly (y)m®

=T B 1

as we needed to show. O

43
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b) We may show the second identity.

(@) (y)
I(z+y) -

Proof. Let m be a positive integer. We must show that

Proposition. B(z,y) =

B(z,y) =

It is sufficient to show that

lim m*B(z,y +m+1) =T(x).

m—o0

Note that B is monotonically decreasing for positive x and y. That is, if
(z,y) < (z,y+ 1), then B(x,y) > B(z,y + 1), since from exercise 40

z>0Ay>0
X
— —-2>0
Y
= Z4+1>1
Y
— Tr¥s,
Y
= x+yB(x,y+1)ZB(x,y+1)
<  B(z,y) 2 B(z,y+1).

Then, since B is monotonically decreasing and from exercise 1.2.5-19,

y+m+1<y+m+1l<n+m+2
B(z,y+m+2) < B(z,y+m+1) <B(z,y+m+1)
F+m($)
z,y+m+1 < yrmie
(z,y VS L m)e
Lytm(2)
m*(1+y/m)*

Lyimt1(z) <B
(y+m+ 1)
Fu-i-m-i—l( )
(1 +y+ 1 m)®

< B(z,y+m+1) <

IIIIIHI

<y+m) yem(®

im (y+m+1> Lyims1(z) < lim m*B(z,y +m+1)

m—0o0
m \"
< I _m
= n}gr})o <y+m> Lyim(@)

dim Ty (2) < lim m®Ble,y+m+1) < lim ()

!

lim Ty (z) < lim m®B(z,y+m+1) < lim Ty, (z)
o m—00 m—00

m—r

I'z) < lim m*B(zx,y+m+1) <T'(x)
m— oo

[

h_I)l’l m*B(z,y+m+1) =T(z).
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And so from (a),

xX

Lo (y)m

B =1 B 1
(@y) = tim &y Py rm+l)
o mBlay+m ot D)
D@l
Iz +y)
as we needed to show. O

42. [HM10] Express the binomial coefficient (}) in terms of the beta function defined above. (This gives us

a way to extend the definition to all real values of k.)

From exercise 41 (b) we have

(&) = wem

B (r+2)(k+1)(r—k+1)
D +2)(k+ D) (r —k+1)!
B I(r+2)
4+ DL(k+1DI(r—k+1)
T+ 14r—k+1)
C (r+D)D(k+1)D(r—k+1)
1
- (r+1)Bk+1,r—k+1)

L. Ramshaw, Inf. Proc. Letters 6 (1977), 223-226.
43. [HM20] Show that B(1/2,1/2) = n. (From exercise 41 we may now conclude that I'(1/2) = /7.)

Proposition. B(1/2,1/2) = .
Proof. Define the beta function B(x,y) as

1
B(x,y):/ t*7 (1 —t)Y~Ldt.
0

We must show that
B(1/2,1/2) = .
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But for u = t1/2, du = 2tl%dt,

1

B(1/2,1/2) = / /2711 — )2 e
/] t1/2(1 —t) 1/2d
t1/2
/ S L
t1/2 1/2

1
=2 s du
/o (1 u2)1?

!
= 2 arcsinu/
=2(n/2-0)

=T

as we needed to show.

44. [HM20] Using the generalized binomial coeflicient suggested in exercise 42, show that

(1) =2/ ()

Proposition. (1;2) = 22r+1/(2:)7r‘

Proof. As a corollary, we will prove Gauss’s multiplication formula. That is, that

k
[(nz) = (2r)—")/2pn=—1/2 H r (z + n> .

0<k<n—1

By Stirling’s formula as m — oo, we have

k k k
F(z+> (z+1>F<z+1>
n
. z+k/n—1 k .
= lim m m! 24—+
m— oo n
0<j<m 1
m k
lim m*H/"=1/2rm (@) / H (z +- +j>
m— oo e - n

m
= lim m*F/m=1/2 /o mn / (nz+k+ jn),
0<j<m-—1

m— 00
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and
k
H r <z + )
n
0<k<n—1
= lim m™ "/2mXosrsn-1k/n (\/ 27r (nz +k+jn)
m—0o0

n
— lim m”Z_”/szogkgnflk/"( o
m—00

-t (V) () / o

0<j<mn—1

= lim (m/n)"z_l/2 (\/%)n ((m/n ) m/")”/ (nz + j)

m—00
0<]<(m/n)n 1

DN

= lim mnz—1/2n1/2—nz( / 7'(') / nz+])
0<j<m—1

m— 00
/ (nz +7)
0<j<m-—1

= lim m”zflnl/%m \/27r> m'/ H (nz+7)
0<j<m-—1

n— 1

— Lim m"™—lpl/2- nz( /o

m—o0
m— o0

m—» 00

— (271-)(7171)/2“1/2771?: lim mnzlm'/ H (nZ+j)
0<j<m—1

= (2r) (V222 (s — 1)D(nz — 1)
_ (271_)(n—1)/2,n1/2—nz1-w(nz)7

and hence the result

[(nz) = (2r)(1—)/2pnz=1/2 H r (Z + k) .

n
0<k<n—1

For the proof, we must show that

() =2/ ()

But from exercise 42 and since I'(3/2) =T'(1/2)/2 = \/7/2,

r 1
(1/2) C (r+1)B(1/2+1,r—1/2+1)
1

 (r+1)B(3/2,7r+1/2)
_ T(3/2+r+1/2)
C (r+DT(3/2)T(r +1/2)
B I'(r+2)
 (r+DT(3/2)T(r +1/2)
B 2T (r 4+ 2)
 (r+D)Al(r +1/2)
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and

2r\ 1
(7’)  (2r+1)B(r+1,2r—r+1)
1
@2r+1)B(r+1,r+1)
T(r+147r+1)
Cr+1)I(r+1)I'(r+1)
I'(2r +2)
2r+1)T(r+1)I(r+1)

Multiplying both equalities yields

r 2r\ 2I'(r +2) I'2r+2)
(1/2) < r ) T (r+1)y/al(r+1/2) 2r + DT(r + DT(r + 1)
2T(r +2)I'(2r + 2)
r+1/2)2r+ D)I'(r+ )I'(r+ 1)
r+2)2r+1)I'2r+1)
C(r+D)AD(r +1/2)(2r + DT (r + DT (r + 1)
B 2 (r+2)I'(2r + 1)
 (r+D)/AT(r +1/2)T(r + DT (r + 1)
B 2(r+ )I(r+ 1)T(2r + 1)
 (r+D/AT(r +1/2)0(r + DT (r + 1)
- 2I'(2r + 1)
CVAl(r+1/2)0(r 4+ 1)

- (r+1)y/al
B or

—

P

if and only if

(17/"2> = oT(2r + 1)/ﬁf(r +1/2)T(r +1) (2:)

That is, it is sufficient to show that
r2r+1) B 22r

C(r+1)0(r+1/2) 7
But, by Guass’s multiplication formula,

r'(2r+1)
T(r + DI(r + 1/2)
2r
RVCES sy R

2r k
_ (2m)(1=2)/292r-1/2 H r (7“ n )
T(r+1)(r +1/2) 0<his1 2

“ Tt 1)?27« ey C A (7" * ;>
22 D(r)D(r +1/2)
Val(r + D)I(r +1/2)
22T (r)
= U ()

227‘

7

48
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And so,
( ' ) —20(2r + 1)/\/Er(r +1/2)T(r + 1) <2:)

1/2

- r-lerti-lﬂ /f(2r>
/()
il
/)

as we needed to show.

45. [HM21] Using the generalized binomial coefficient suggested in exercise 42, find lim,_,o (}) /7.

From exercise 42 and Stirling’s approximation,

1
lim

rqoo( >/7’ = R F DB Lr—k+ 1)
i D(k+1+7r—Fk+1)
rooco rk(r + D)k + DT'(r —k+ 1)

— lim I'(r+2)
Crseork(r+ DDk + DI(r — k+ 1)
B 1 . (r+1DI'(r+1)
TT(k+1) rome B (r + DD(r — k + 1)
B 1 lim I'(r+1)
[(k+1) rooo r*T(r — k + 1)
1 . 7!
Th 1) Ao 7F i — o1
. VI (r/e)
Dk +1) r=o0 ok 2n(r — k) ((r — k) /e)" ="
B lim role (r— k)Fpr
T(k+1)r—oc \ 7 —kerefrk(r—k)r
) Y Y
T(k+1)r—c \r—kek ((r—Fk)/r)"
1 i r 1 (1—k/r)k
L(k+1)r=co \| 7 —kek (1 —k/r)
B
CT(k+1) ek rooo (1—k/r)r
111
T T(k+1)ekek
_ 1
CT(k+1)

» 46. [M21] Using Stirling’s approximation, Eq. 1.2.5-(7), find an approximate value of (IZ

that both = and y are large. In particular, find the approximate size of (2:) when n is large.

49

O

k

Y), assuming
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Assuming that both x and y are large, using Stirling’s approximation, we find that

<x+y> 1
y (z+y+1)Bx+1,y+1)
1
(x+y+1)Bly+1l,o+y—y+1)
1
(x4 y+1)By+1,z+1)
B I'(z+y+2)
S (r+y+ DIy +DI(z+1)
(et y+ )z +y+1)
C(r+y+DI(z+ D)I(y+1)
_ T@+y+1)
C T(x+DI(y+1)
 T+y+1)
S T(x+1DD(y+1)
_ (z+y)

xly!
27m(z +y)((x +y)/e)™*Y
V2ra(x/e)*\/2my(y/e)y

 Jrty (@ +y)t (e +y)etey
27y xryyerty
1 /1 1 @ z\Y
= <+>(1+y) <1+) .
2r \x y T Y

In particular, when n is large,
2n\  (n+n
n) n
1 1 1 n n
— (+> (1+3)" (1+2)
2r\n n n n

/5 (3)erer

22n

VTN
qn

V'

47. [M21] Given that k is an integer, show that

)G e )

Give a simpler formula for the special case r = —1/2.

We may prove the equalities.

Proposition. (}) (T_,iﬂ) = (2,:) (QTk_k) J4k = @,:) (Qkk) /4% for integer k.
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Proof. Let k be an arbitrary integer. We must show that

()= /=G )/

In the case that k < 0, we have

@ ( —;/2) N

and in the case that £ = 0, we have

r\ (r—1/2 _q
k k N
2r\ (2r — k
= 4*,
() )/
That is, in the case that £ < 0, we have

(7)o
()
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In the case that k = r, we have

r\ (r—1/2 k—1/2
W) -(")
1
T (k—12+10)Bk+ 1L,k—1/2—k+1)
1
(k+1/2)B(k +1,1/2)
U(k+1+1/2)
(k+1/2)T(k + 1)T(1/2)
T(k+1/2)
T T(k+ D)I(1/2)
I(1/2)0(k +1/2)
T T(1/2)2C(k+1)
CT(1/2)0(k +1/2)
N nl'(k+1)
_2(k+ 1)T(3/2)T(k + 1/2)
 m(3/2+k+1/2)
~2(k+1)B(3/2,k + 1/2)

- /(1<;+1)B(1/2+1,k1/2+1)7r

k
=2/ ()"
= 22k +1 L
1/2
2k
= 4k,
(v)/
It remains to consider the case when 0 < k # r. Assuming
r\ (r—1/2\ _ [2r\(2r—k e
k k -\ k k
we must show that
T r—1/2\ ([ 2r 2r—(k+1) 4R+
k+1)\ k+1 ) \k+1 k+1 '
As a corollary, note that from Egs. (7) and (8) with 0 # &k # r we have
T\ _r(r-— 1
k) k\k-1
_rr—k+1/ r
ok r k-1

77’7k+1 r
N k k—1)°

92
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Then

() ()

(0 r—1/2

Sktk%)kﬂl) r r—1/2—(k+1)+1/ r—1/2

B k+1 ((k+1)1> k+1 ((k+1)1>
A

r— 2—12 2r\ (2r — n

ot U

e ()0 /s

= el

_2(2r—k r—k2—12 2r\ (2r—k=1Y /.
_12r—?lik++1;)+1< (2]:“)<>(27kjk){)(k+1)+1(2rk1)/4k
4 k+1 (k+1)—-1 k+1 (k+1)—1
) i)

() e

(1) (L) e

That is, for k an arbitrary integer

)-GO

And finally, from Eq. (20)

as we needed to show. O
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For the special case r = —1/2, we have the simpler equalities
—1/2\ (=1/2—=1/2\  [(=1/2\ (-1
k k N k k
—2/2\ (—2/2 -k e
k k

if and only if, from Eq. (17)
(—1/2> _ GG
k (%)
(_1)% (2k—(2—kl)—1) (2]5)
(%)

That is, we have the simpler formula
-1/2\ _ (-1\" (2K
k) \ 4 k)

n (_l)k_ n! B 1

k>0 n

> 48. [M25] Show that

if the denominators are not zero. [Note that this formula gives us the reciprocal of a binomial coefficient, as
well as the partial fraction expansion of 1/z(z +1)...(x 4+ n).]

P iti n) (=* _ n! _ 1
roposition. >, @ i | P R LR

Proof. Let n and k be arbitrary, nonnegative integers. We must show that

Z (n) (-F n! 1
k)k+o Tlogjene i x(")7)

k>0
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First, note that

n! n!
ocjcne i antl
n!
(x+n+1-1)ntL
n!

Then, if n =0,

Assuming

nl(z+n—(n+1))!

(z+n)!

nl(xz —1)!

(x 4+ n)!
nlx!

z(n+ z)!

nl(n+z —n)!
z(n + z)!

n! 1

we must show that

> (Z) (k_j); - Hogjg,;x i

n+z)

n

k>0

Z(n-i—l)(—l)k_ (n+1)! B 1
koJk+a logjcnpr+i 2("h3°

7

%)
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S ()

- = ()5

0<k<n+1
_(n+1\ (1)t n+ 1\ (=1)*
B (n+1>x+n+1 +O<k<n< k >x+k
(=t n+ 1\ (=1)*
T rz4n+1 0§k<n< k )x+k
- (_1)n+1 n n (_1)k
Cz4n+1 +ngzgn(<k) * (kzl)) z+k
_ (= n\ (=" n O\ (=DF
x4 n+1 +O<kz<n(k>x+k Jr();ﬂ(k’—l)x—i—k
(e n\ (=1)* m\ (—1)H
ozt n+l +0§Zk:§n (k) T+ k +_1Sk§n_1 (k>x+k+1
_ =y n) (=D n)_ (="

sl 2 <k> TR <k> (@+1)+k

(—1)n+t n\ -1 n\ (—1)" n\ (—1)% n
T o+n+1 —1>x+ n>x+n+1 +0§zk£n (k) z+k _nggn (k)

(M)t (- n) (—1)k (D
T z4n+l (1)x+0£n (k) x+k _ngk;n (k) (z+1)+k

n) (=% n) _ (=DF
O<;<n< )x—i—k‘ Ok<n(k> (x+1)+k
1 1
Ca(N) @)
_ nlat nl(x 4+ 1)!
Cz(n+2)! (+Dn+z+1)!
_ nlallz+Dn+z+1) nlr(x 4+ 1)!
Czz+D(n+)(n+az+1)  z@+Dn4+z+1)
_ nlz—Dln+z+1) nlx!
(n+z+1)! (n+z+1)!
oz —1D!(n+2z+1)—nla!
N (n+z+1)!
_nlz—-D!n+z+1)—nl(z—1)
N (n+z+1)!
_nlz -1 (n+1)
 (ntz+1)
_(p4Dliz—1)!
 (n+az+1)!
_(n+ D((n+14+2z)—(n+1))!
z(n+1+x)!

-

(")

(=D*

(x+1)+k

o6
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as we needed to show. O

49. [M20] Show that the identity (1 + x)" = (1 — 2?)"(1 — z)~" implies a relation on binomial coeffi-
cients.

Given
A4z)"=1—-2H)"(1—-2)""

and the binomial theorem, we have that

3 <7;)xm =(1+2)

0<m
=(1-2>)(1—-2)"

- > (;)(_1)%% Z(‘lr)(—mlml

0<k<r 0<1
_ PN \k+L 2641
- () ()
0<k<r 0<l

Il
ES
N\
> 3
N
N
3
[
o
x5
N
T
—_
S~—
x>
+
;
[\~
ol
8
3

0<k<r0<m—2

|
4
(V]
ol
AN
3
N
> 3

(=]
IA
el
IA

(=61
:0%7‘((%@ ) (o) cmam ) + > ()(, 7)ot
>

for integer m.

50. [M20] Prove Abel’s formula, Eq. (16), in the special case z +y = 0.

Proposition. (z+y)" =3 1<, () z(@—k2)" " (y+k2)"" for integer n >0, z # 0,
z+y=0. o

Proof. Let n be an arbitrary nonnegative integer and x, y, z arbitrary reals such that
x #0, x+y=0. We must show that

@tyr= > <Z>z(x — k) Yy + k)"

0<k<n



Exercises from Section 1.2.6 58

or equivalently, since x 4+ y = 0, that

bro= D <Z>z<z — k)" (ot k)

0<k<n

But by the binomial theorem and Eq. (34)

> (Z)x(x — k2)F Y (—x o+ k) k

0<k<n
_ n n—k n—k
= (k>m z—k2)P L (=) F(z — k2)
0<k<n
_ Z (Z) k)l nky
0<k<n
k
0<k<n
0<k<n
: <“> S
k m
0<k<n 0<m<n-—1
-1
0<k<n 0<m<n 1
n— 1)
= "
n
= 0n,0
as we needed to show. O

51. [M21] Prove Abel’s formula, Eq. (16), by writing y = (z + y) — z, expanding the right-hand side in
powers of (z + y), and applying the result of the previous exercise.

Proposition. (z+y)" =3 .. (D)z(z — k2)F "1 (y + k2)" " for integer n > 0, z # 0,
z+y=0. -

Proof. Let n be an arbitrary nonnegative integer and x, y, z arbitrary reals such that
x #0, x+y=0. We must show that

> <Z>w(:c k)R 4 k) = (24 )

0<k

or equivalently, since x + y =2 +y = y = (z +y) — z, that

> (Z)x(x — k) (@ y) — e+ k)" = (@ 4 y)"

0<k
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But from Eq.

—~

6), the binomial theorem, Eq. (20), and exercise 50

2 (Z)“f(ﬂf — k)" (@ +y) — o+ k)"

0<k
= (n : k>m(x — k)" (@ +y) —w+ k)"
B Z (” i k>x(x —k2)F (x4 y) + (—a + k2))" "
0<k
- g@ <n i k):ﬂ(x — kz2)*! 0%;1 (nm k> (@ + )™ (=2 + kz)n ko
— gcoﬁm (n i k) (nﬂ—l k‘) (@ +y)"w(x — k2) (= + kz)P ko
— éé (;) <n ﬁ ;1 _ k) (& + y)"a(x — k2)P Y (—a + kz)n—h—m
- ngm <:1> (@ +y)™ ngk (n ﬁ ;ﬂfi k;>m(x e TP
- Z <:ﬂb> (24 Y) ™m0
= Z) (x+y)"
= (z+y)"
as we needed to show. ]

A. Hurwitz, Acta Mathematica 26 (1902), 199-203.

52. [HM11] Prove that Abel’s binomial formula (16) is not always valid when n is not a nonnegative integer,
by evaluating the right-hand side when n =2 = -1,y =2 = 1.

We may prove that Abel’s binomial formula

(@+u)" =2 (Z)x(x —kz)" Ny + kz)

0<k

is not always valid when n < 0 by evaluating the particular case when n =z = -1,y = z = 1;
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and

z(x — k2)F "y + k2)" 7k

=)
ANy
B

N
o> 3
~_

-1

)(—1)((—1) CRE L k)

o

A

Eal
oy

-1

o)DM D

v

I
M

I

(=)

/\M|

>
/N 7 N 7N

=}
A
>

(k+1)~2 from Eq. (17)

I
M

(=}
A
>

Il
pgl

—
IA
el

where 37, k72 is the Riemann zeta function ((=2) = 7%/6 # 0= (=1+1)"" = (z +y)".

53. [M25] (a) Prove the following identity by induction on m, where m and n are integers:

i(;) (nik>(nr—(r+8)k):(m+1)(n—m)<m:_1> (njm>

k=0

(b) Making use of important relations from exercise 47,

) -2 0) () s () w0 ) oo

show that the following formula can be obtained as a special case of the identity in part (a):

i 2k =1\ (2n=2k\ =1 _n—m(2m\ (2n—2m\ 1 (2
P k n—k )J2k—1  2n m n—m 2\n /)’

(This result is considerably more general than Eq. (26) in the case r = —1, s =0, t = —2.)

a) We may prove the identity by induction.

Proposition. 31" (;)(,2) (nr — (r + 8)k) = (m + )(n —m)(,,7)(,.%,.) for
integers m, n.

Proof. Let m and n be arbitrary integers such that m is nonnegative. We must
show that

ki(k) (.0 or-eran=mena-m( " )(° ).

60
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Ifm=0

,é <;> (n | k) (nr = (r+ s)k) = :0 (;) (n ° k) (nr — (r + s)k)

" 1(!7(;_13!)' (Z)
r (s

we must show that

{HIGVESEEE

:((m+1)+1)(n—(m+1))((m+q)+1> (n—(;Jrl))'

61
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But from the inductive hypothes

+<m7~+1> n—(;ﬂ))(”’"_ e
(

=((m+1)+1)(n—(m+1))

as we needed to show.

b) We may derive the formula as a spec

is as well as Egs. (7) and (8)

?:ol (’:> (n . 1<;> (nr — (r + s)k)

e ) o)

((m +T1) + 1) <n - (;L + 1))

ial case of the identity in part (a).
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from Section 1.2.6

Exercises

since

ise 47,

Given the relations from exerc

and

we have that

A
|
IS —~ |~ I/~
5 7L =
T E = ~
e T — N
N~ > |l _ <L
=2
__Qk kk\l/)/(O\J_n
=] o /_ U_ s N—
—~ N 2\l 7n <
— (/I\((\I/)
| = < % = mn/ [\ [ S
ku,m — — — — = =
a= L L L Lo | =
1_I_A _ — — — ((
— | — _ | |
TN 2N
fk% = = = =~ ™
N« [ | o~ o~ = =5
TN N 7N N N N N
5 =) =) o =) =)
N e 2 2 2 2 2 S~—— =}
S S S S S o E L_W
L+ + - - + I
nmn)\l/\l/\l/) — -
L & Q Q Q Q [ |
~ ~ ~ ~ ~ IS IS
—~ — — — — Q Q
— N~ — 7 7 N [a\l
| N~ ~ ~— e s
kk o — —
S sNIeNI=NINIWNT & o

L, s = —1 in the result of (a) yields

=3,

Then, setting r

—
\.n/hu/ \'/
™ RS
/ /
— — |
| ls
o ~——
— ~ T
_ £ = +F
~ \l/lm
~ [ N
E T =
a2 = 5
Q ~— |
= =~ =
s @ =
~— Uk —
o~ ——— 4
N o
== ] E
~__ 2 ~—
o Il I
I
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so that, again with the relations from exercise 47, as well as Eqgs. (7) and (8),

e (S22 (1)
:(_1)n22n_1<2(m+1)(n (1/21 ( 1/2) (-1/2))
n m+ n

_ (_pygzemt2mA Do —m) () - ( (m + 1)) [ (2(n - m))

B n 22<m+1 (2(m+1) — m+1 ) 22(n=m) \ n—m

s ()
ey G ) 5 0)
=S mat (o) Cnon) +2()
e () (o) )
ey me o) (i) ()

n—m/2m)\ [(2n — 2m 1/2n
2n <m><n—m) 2(n>

Hence

i 2k—1\(2n—=2k\ -1 _n—m(2m) (2 —2m\ 1/
P k n—k J2k—1  2n m n—m 2\ n )

54. [M21] Consider Pascal’s triangle (as shown in Table 1) as a matrix. What is the inverse of that
matrix?

Let 0 0 0
O @O O
i 1) O ()
An+1 [al]]n+1 . - . . .
1) 1nt1 . . .
() () (92
represent Pascal’s triangle as a matrix. We want to find another matrix B, 41 = [bij]nﬂ such
that

An+an+1 - B7L+1An+1 — In41 — [6ij]n+1 .
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But by the definition of matrix multiplication

By = E bira;
0<k<n

Il
Sa
=
N
SO
N———

from Eq. (33)

I I
(==} (=}
IA I/\M
?r-M ke
IN IN
5 o
N
= s
s
Yy
< =
~_
)l— =
\_;- ~
t -

. i\ [k
> () G)
0<k<n k) \J
Hence, for arbitrary k, 0 < k <n

b; = (=1)** = by = (—1)F
and in particular for k = j
by = (=1)"" (]>
as we wanted to find, so that the inverse matrix is given by

zﬂ | W (:%) :.:: (—Q%)

Bry1 = [bilnt1 = [(_WH (J

@ o) e @

Let

ol

[Z] n+1

represent Stirling’s triangle of the first kind as a matrix. We want to find another matrix B, 1 =

[bij]nt1 such that
Apnt1Bny1 = Buy1Apyr = L1 = [6ij]n+1 :
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But by the definition of matrix multiplication

Bry1Ang = E birak;
0<k<n

2 e —

Hence, for arbitrary k, 0 < k <n

lj] =) = el
and in particular for k = j
b =10}

as we wanted to find, so that the inverse matrix is given by
TR I T
Bry1 = [bijlny1 = [(—1)i+j{;H ) = :O 1 . :
n—+ . . . .
{5y D7y - (R
Similarly, let . .
b= [ - R
nH g 3 I R
{3} {?} {Z} n+1

represent Stirling’s triangle of the second kind as a matrix. We want to find another matrix

;z-&-l = [béj}nﬂ such that

/ / ! /
An+1Bn+1 = Bn+1An+1 = In+1 — [5ij]n+1 .

But by the definition of matrix multiplication

B7/1+1A;L+1: Z b;ka;cj
0<k<n
= Z b’.k{k}
0<k<n J
i [k i—k
= Z AT (-1) from Eq. (47)
0<k<i J

66
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Hence, for arbitrary k, 0 < k <n

- lif) = weor

and in particular for k = j
_ itj|?
as we wanted to find, so that the inverse matrix is given by
0 0
I BT
Lo] H o (=)

B =Wl = [ []] = 7P

L Lo

56. [20] (The combinatorial number system.) For each integer n = 0,1,2,...,20, find three integers a,b,c
for which n = (‘31) + (g) —+ (i) and a > b > ¢ > 0. Can you see how this pattern can be continued for higher
values of n?

We may evaluate the largest values for a, b, and ¢ that satisfy the constraint such that a > b >

c>0.
a b ¢ n
2 1 0 O
3 1 0 1
3 2 0 2
3 2 1 3
4 1 0 4
4 2 0 5
4 2 1 6
4 3 0 7
4 3 1 8
4 3 2 9
5 1 0 10
5 2 0 11
5 2 1 12
5 3 0 13
5 3 1 14
5 3 2 15
5 4 0 16
5 4 1 17
5 4 2 18
5 4 3 19
6 1 0 20

This pattern can be continued for higher values of n by the following method: let a be the largest
integer that satisfies (g) < n; b the largest that satisfies (g) < n-— (;), and ¢ that satisfies

c a b
($) <n—() - ()
» 57. [M22] Show that the coefficient a,, in Stirling’s attempt at generalizing the factorial function, Eq.

1.2.5-(12), is
(:2 Z(—l)k@_ll) In k.

k>1

Proposition. a,, = (—7711)!*“ Zl<k(—1)k(7::11) In k in Stirling’s generalization of the fac-
torial function. B
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Proof. Stirling’s generalization of the factorial function is

1nn!:2am+1 H (n—j).

0<m 0<j<m

We must show that

1<k
But given
m i m _

£(2)r -5 ()

o< N 0<; N
we have

m s m .

S (M) ma=3 (") Sa [T -9
0<j J 0<j J 0<k 0<j<k

= Z " (=ym Z ajy 175 from Eq. 1.2.5-18

o<y N 0<k

(=)™ Z aka from Eq. 1.2.5-21

(—1)"L_jzak+1(k—|— 1)! 7t

k
=mlan, from Eq. (33)
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And 50
L)
= G
RS > (T) L
i sy () vme
:%?m @Ej 7;?><_1>unk
-SrpmE (e
s (g () 2 ()
S L (SRR o) (m)<—1>ﬂ)
S g (-2 ()
-G gy ¥ (7w
RS i élnkuxnkl (21)
- S (2w
Thercfore

as we needed to show.

from Eq. (13)

from Eq. (18)

58. [M23] (H. A. Rothe, 1811.) In the notation of Eq. (40), prove the “g-nomial theorem”:

(L+2)(14g2) ... (1+q"2) =Y (Z) /2

k

Also find ¢-nomial generalizations of the fundamental identities (17) and (21).

In order to prove the “g-nomial theorem”, we define

k

q

head-a) 25 1-¢

69
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and assume g-nomial symmetry

k p n—=~k q
as well as the two g-Pascal identities

(5,7 (), ()
(", () (),

Proposition. Hogkgn_1(1 +¢ka) = Zogkgn (Z)qqk(kfl)/ka'

Proof. Let n and ¢ be an arbitrary nonnegative integer and real number, respectively.
We must show that

and

n _
H (1+qFz) = Z (k) =D /2
q

0<k<n—1 0<k<n
Ifn=0
I[I a+d»= J[ +d)
0<k<n—1 0<k<—1
1
1

B ITi<j<o(1 - ¢t
[Ticj<o(l—4¢%)

0 q
0

_ ( ) {0172,
O q

0
— Z (k) qk(k—l)/ka
q

0<k<0

n _
_ Z (k) P 2k
q

Then, assuming
n
14 dFe) = k(k—1)/2, k
[[ +do=> <k>qq x

we must show that

n+1 _
I a+da= > ( . )qkw 1)/2,k
q

0<k<n 0<k<n+1

70



Exercises from Section 1.2.6

But
I G+d2)=0+q"2) [] A+d")
0<k<n 0<k<n-—1
n
— (14 q" (k—1)/2, .k
araa) 3 (1)
0<k<n q
n
_ (k=1)/2,.k k(k—1)/2 .k
- 3 ()t 3 () s
0<k<n q 0<k<n q
_ Z (Z) q k(k=1)/2,k Z () n+k(k71)/2xk+1
0<k<n q 0<k<n q
_ Z (”) qk(k—l)/2xk+ Z ( n >qn+(k—1)(k—2)/2xk
0<k<n k q 1<k<n+1 k-1 q
_ T\ k(k—1)/2, .k n nt(k—1)(k—2)/2, k
g) 1 v k1) 1 v
0<k<n+1 q o<k<n+l V' /g
_ Z ((n) +< n )qn-',-(k—l)(k—2)/2—k(k—1)/2> gFr=1/2 b
0<k<n+1 k q k-1 q
— n nt+l—k (k—1)/2, k
= (), () )
0<k<n+1 q
. n+ 1\ pk-1)/2 K
k
0<k<n+1 q
Hence
H (1+q¢*z) = Z <”> G120k
0<k<n-—1 0<k<n k/q
as we needed to show. O

We may also find g-nomial generalizations of the fundamental identities (17) and (21).

71
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For (17), we have

r 1 —qgr—itt

1<5<k
1 11— gt
e L I
1— r—j+1
=Cut 1] —1‘1_ ;
1<j<k 4
H qr J+1 —r+j—1
1<5<k 1 o qj
qr7j+1 i1
= (-1)* : IT 1-¢""
15z 1T ) \uZizn
— (_1\k gt —r4j—1
1<j<k 1<—j+h1<k
_ k gt k—r—(—j+k+1)
PP 1<—j+kt1<k
_(_1\k gt Ry
1<) <k 1)<k
1— qk'—r—]
TN |
1<j<k 1-¢

— (~1)* [l d I 1-¢q

. Jj—1 1—q7
H1§J<kq 1<j<k 4

1_qk7“j
/11k1 H 1-—
1<j<k

kr _ —r—j
k4 1—g"
_( 1) qk(kq)/z H 1—¢J
1<5<k
1— k—r—j
_ (_1\k kr—k(k=1)/2 .
1<i<k
1— k—r—1—j+1
_ (_1\k kr—k(k—1)/2 q
1<i<k

_ (_1)qur—k(k—1)/2 (k - ; - 1)
q

_ (_1)k (k - ]7; - 1) qkr—k(k—l)/2
q

so that the g-nomial generalizations of the fundamental identity (17) is

r k—r—1
= (=1)* kr—k(k—1)/2_
(&), = (i),
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For (21), the g-nomial theorem
H (1+qu) _ Z (Z) qk(k—l)/ka
0<k<n-—1 0<k<n q

gives us

3 < ) D2,
n q

- (1+q")

= (1+ ¢*z) H (14 q"x)
0<k<r—1 r<k<r+4s—1

= JI a+da ][I «+d*

0<k<r—1 0<k—r<s—1

= JI a+d= ] a+d"2)

0<k<r—1 0<k<s—1

(1+dz) J[ (+d"q
0<k<r—1 0<k<s—1

r _ s _ .
_ <k) gFRD/2 b Z < ) g2 (g7 )
q 0<k<s q

I
o

o

= r k(k—1)/2,.k $ k(k—=1)/2 rk, .k
<k)qq S 2 <k>qq ¢

0<k<s

_ r k(k—1)/2 .k $ (n—k)(n—k—1)/2 r(n—k), n—k
() {2 ) s

0<n—k<s

$ — n—k)(n—k— r(n— n
) /2 =) k=12 rn—R) |
q

( $ > qk2/2—k/2+n2/2—nk/2—kn/2+k2/2—n/2+k/2+rn—rk n
r s —nk—n/2+rn—r n
- 2 (k)( )qk””z/g S
g\ —k/,

Equating coefficients yields

r+s n(n—1)/2 _ r s E24n?/2—nk—n/24+rn—rk
< n ) ? B Z k n—k)?
q 0<k<r q q
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if and only if

<

n(n—1)/2

L)

k2+n2/2nkn/2+rnrk/q

Ey

RN
=
3 +
»
~
_Q
Il

o

IA
ES

IN
A
_

<3

k% 4n?/2—nk—n/24+rn—rk—n?/24n/2

I
(]
=
N
I
=
Q

o

IN
B

IA
4
Q

k%2 —nk+rn—rk

3

<

(r—k)(n—k)

(]

oy
Ls)

S
|
>

=

IN
=~

IN
A
Q

V)

(s—k)(n—k)

Il
(]
=
3
[
=

(=]

IN
ol

A
»
Q

<

q(s—7z+k)k

BN

I
(==}
AN
=
IN
/—\/\/\Q/-\/—\
N N N N N
[te)
/—\/\/\g—\/‘\/—\
| »
Nl
N N N N N
[t=)
<

Q

3
I
>

o
e

IN
4

so that the g-nomial generalizations of the fundamental identity (21) is
rtsy T s (r—k)(n—k) _ r s (s—n+k)k
< n > = 2. (k) <n——k) ¢ =2 () lun) @ '
q  0<k<r q q 0<k<r q q

H. A. Rothe, Systematisches Lehrbuch der Arithmetik (Leipzig: 1811), xxix; F. Schweins, Analysis
(Heidelberg: 1820), §151; D. E. Knuth, J. Combinatorial Theory A10 (1971), 178-180; G. Gasper
and M. Rahman, Basic Hypergeometric Series (Cambridge Univ. Press, 1990); C. F. Gauss,
Commentationes societatis regie scientiarum Gottingensis recentiores 1 (1808), 147-186; Cauchy,
Comptes Rendus Acad. Sci. 17 (Paris, 1843), 523-531; C. G. J. Jacobi, Crelle 32 (1846), 197-204;
E. Heine, Crelle 34 (1847), 285-328.

59. [M25] A sequence of numbers A,,, n > 0, k > 0, satisfies the relations A0 = 1, Aox = ok,
Apk = A(n—l)k + A(n—l)(k—l) + (2) for nk > 0. Find A,.

‘We have that
n n
Ank(n+1)<k> _ <k+1>

and may prove this by induction.

Proposition. A, = (n + 1)(2) - (kil)

Proof. Let n and k be arbitrary integers such that n > 0, k > 0, and nk > 0. We must

show that
n n
Al = (n—l—l)(k) — <k+1>.
n n
Ano = 1 _ —n+l-n=1
0= (n+ )<0> <0+1> n + n

Aok(0+1)(z> - (k;—?—l) = dok

First note that

and
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as required. If n = 1, we have

1
Ay = Aok + Aok—1) + k>

1
= dok + Oo(k—1) + <k

)
- (2)_ (kil)*(kol) _(Z>+(;
- <2> i <k21> +1<11c> - ((kil) i @)

- <11> i @ (k 1>

Then, assuming

o))

Aps = (n+1) + 1)(”2 1) - (Zﬁ)

we must show that

But
Apstyr = Ani + Ay (”Z 1)
w0 () () o) - () + ()
7”1«>+Q )+ (") - (G + ()
()= () ()

)2
(n+1)+1) (" ) (ZID

as we needed to show. 0

60. [M23] We have seen that (Z) is the number of combinations of n things, k at a time, namely the
number of ways to choose k different things out of a set of n. The combinations with repetitions are similar
to ordinary combinations, except that we may choose each object any number of times. Thus, the list (1)
would be extended to include also aaa, aab, aac, aad, aae, abb, etc., if we were considering combinations
with repetition. How many k-combinations of n objects are there, if repetition is allowed?

The number of k-combinations of n objects, if repetition is allowed, is given by

1)
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The number of k-combinations of n objects, if repetition is not allowed is simply the number of
integer solutions (01,09, ...,0x) such that 0 < 01 < 03 < -+ < 0 <n+ 1, known to be

|{0¢:O<01<02<-~-<0k<n+1}|:(Z).

If repetitions are allowed, we want to determine

{oi:0<01 <09 < <o <n—+1}
=[o;:0<o01<o0a+1<---<op+k—1<n+k—-1+1}
=0, :0<0] <0y < <o <n+k}

Y

and hence the result.

H. F. Sherk, Crelle 3 (1828), 97; W. A. Forstemann, Crelle 13 (1835), 237.

S

thereby obtaining a companion formula for Eq. (55).

We have

Sl

’ ZD { k } - from Eq. (46)

61. [M25] Evaluate the sum

|
N
/N
! 3
P
+ 3
-

1]
-
:nz_k+1_

-
:nz_k+1_

(=1)* ™ 4+ (=1)" " 6mn from Eq. (47)

I
3
S
— N A A=
3 =
M~ Y~ Y~ Y~ —
I \ \
=
T
3
+
=
1
3
| —
> 3
—_
—N
3 =
——
=
i
=

If n < m then k < m and

[ n 1(k
_lkim mn — = U.
nEk:-k+1_{ }( Y S =040 =0

If n = m then k < m and

ny" o _{k}(—1)’“—m+6mn=0+1=1.

— [k +1]

Otherwise, if n > m

B [ TS R TR

which we may prove by induction.
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Proposition. n) [kil} {fl}(—l)k*m =nl/m! for 0 <m < n.
Proof. Let m and n be arbitrary nonnegative integers such that m < n. We

must show that .
E " —1)k=m — pl/m!
n 4 {k J{ }( 1) n!/m!

Ifn=1,0<m<n=1=—m=0and

"; [kil] {:L}(_l)k_m
- zk: [kil] {g}(_l)k
SR
[l
:1/01
— ! /ml

Then, assuming i i
nz " F (=1)F=™ = n!/m!

- E+1] (m
we must show that

(n+1]( k L
(n+1);-k+1-{ }(—1)k = (n+1)!I/m!
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n n!/m n R pyeem
e o+ 3 G
n nl/m n n k n—k(_q1\k—m—n+k
e Dt ) 3 (1] e
n n!/m! + (n m+n n Ry
e Dt e D07 S R
:(n—l—l)n!/m!+0
= (n+ 1)n!/m!
= (n+1)!/m!
as we needed to show. O
And so, since
0 ifn<m

; {Ziﬂ{i}(l)’“m 1 ifn=m

n!/m! otherwise
we have that

S b =z mam

62. [M23] The text gives formulas for sums involving a product of two binomial coefficients. Of the sums
involving a product of three binomial coefficients, the following one and the identity of exercise 31 seem to

be most useful:
b+m) (m+n) (n+l (I4+m+n)! )
—1)* = teger > 0.
Z( ) (l+k><m—|—k> <n+k> Imln! integer [,m,n > 0

(The sum includes both positive and negative values of k.) Prove this identity. [Hin¢: There is a very short
proof, which begins by applying the result of exercise 31.]

1)k (l+7n) (m+n) (n+l) _ (I+m+n)!

1+k ) \m+k) \ntk Tttt integer I,m,n > 0.

Proposition. >, (—
Proof. Let [, m,n be arbitrary nonnegative integers. We must show that

SRIGHISHIBIEE

k
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But from exercise 31
Z m—-—r+s\/n+r—s r+k\ (r s
: k n—k m+n)  \m/)\n

we have for m' =m+k,n' =1—k, 7" =m+n,s’ =n+1,k = j that
Z(_l)k I+m\ /m+n\/n+l
- I+k)\m+Ek)\n+k

=S () ) ()

m —r +¢ n 4 — )
k! n' — k' m' 4+ n'

m+k—m—n+n+l><l—k+m+n—n—l>( m-+n-+j

k j J l—k—j m+k+l—k
I+m\ [(l+k m—k m+n+j
:%(—l)k l+k>< j )(z_k_j)< — )
= — (m—k)!(l+k)!(l+k—j)!j! (m_l+j)!(l_k_j)!(Tl+j—l)!(m+l)!
L 1 1 (m +n+ j)!
_g( l)k(lJrk*j)!j!(mflJrj)!(lfk,j)! (ntj—1)!
=3 (=1 1 (m +n+j)!
o (= =R =5+ m =1+ )(n+j—1)!
= ( 1)k (20 - 2j)! (m+n+ )
(20=2j = (=7 +ED =+ RN2L=25)! jl(m =T+ j)(n+7—1)!

2l2j> (m+n+j)!
2l =2)(m =1+ ) (n+j-=1)!

m—m (m+n+j)!
l—] m—1l+ )l (n+j—0D!

2] — 23) 0! (m+n+j)!
231 = N0 =20 =)' gt m =1+ ) (n+ 5 —1)!

o

-

(2

’“(ff;ifk) ( 1_,)“ T
(5 e

(

(m+n+j)!
= )+ 7= 1)

(m+n+l).
(=1)* l—l+k> (2(1_l))‘u(m—z+1)!(n+z—1)!

)
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as we needed to show.

A. C. Dixon, Messenger of Math. 20 (1891), 79-80; A. C. Dixon, Proc. London Math. Soc. 35
(1903), 285-289; L. J. Rogers, Proc. London Math. Soc. 26 (1895), 15-32, §8; P. A. MacMahon,
Quarterly Journal of Pure and Applied Math. 33 (1902), 274-288; John Dougall, Proc. Edinburgh

Math. Society 25 (1907), 114-132.
63. [M30] If I, m, and n are integers and n > 0, prove that

A 809111 1 ey B Vet [ P}

n+1 —n—1

Proposition. Y, (=1)7* (1M () (1) (M) = (D) (50 integers 1,

k+1/\j/ \k m—j
m, and n > 0.

Proof. Let [, m, and n be arbitrary integers such that n > 0. We must show that

S ()OGS -GS

n+1 —n—1
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Exercises

and y, we have

a polynomial in arbitary reals x

But as

g .
=N ]y
g g N IR
> > 3 I
e N I N N S
) TN TN
I I [ e N e
- s S (3 ~
my . |l = B _ ! ._ '~ ._ ) =
~y S S + =S SR TYOTT %
— Ral _ e~
| NN + + T
.].J\))n(w + T L) n @
w —~
Dl e e — L — =
e B /l\/l\r(.v\u/ Z,ﬁ Zﬂ +
+ £33 LS = & e A= )
@ ~— " I % A N
~ = ~ s N 2o e e e
= = s I Es &2 =2 2
P ke e e o« 31213 T
~—— + 4+ 4+ + + 4+ NSNS NGRS NG
PSR N~ N~ N~ = = ~= = =
me T N [ N AN [ o) Pee) PR e PR
= = - 8 8
+ + < < < < + + + +
~~ 1 1 L SO = = -
== e e < = <
< | | | | + + + +
= — N — —_ =N > =N N
=0 — — — —

S

s~ T

S~

<
By
)
+
i
I
5 40
8 <
R
— ZI8 > IS
P 3
—
sl =B
zUuUu(\n A_v
B e
= - > S
f(,)yn
o yxnx
— —
/I\y \1|_/11\Mu/
~ —~ ~— ~—
— B | nnT
> + NS =
=l s = ~— T~
MIWI_IOLTT ~—
HETIE e
N > $ywy
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Continuing,

(-1)"(L = ag)" (L4 )"

G A S o | G D Gt
S () () )
2n n+r s—r n

=S (e

n +7‘ S—T n
=S (G as et

n—+r s—r —T— n
;(1)l<n+l> mgil (m—n—l)y lmly "

+r s—r
_ " m—n—1,1 n+l
zl:( )<n+l>;<m—n—l>y Y
+r s—r
— _ll n lm.
;n:( )(n—l-l)(m—n—l)xy

Equating coefficients yields the result

[ 119] i B 381 | e

as we needed to show. O

CMath, exercises 5.83 and 5.106.

» 64. [M20] Show that {::L} is the number of ways to partition a set of n elements into m nonempty disjoint
subsets. For example, the set {1,2,3,4} can be partitioned into two subsets in {3} =7 ways: {1,2,3}{4};
[1,2,4}{3}; {1,3, 42} {2,3,4} {1} {1,2H{3,4}; {1,312, 4}; {1,4}{2,3}. Hint: Use Eq. (46).

Let p(n, m) denote the number of ways to partition a set of n elements into m nonempty disjoint
subsets for nonnegative integers m, n. If n = 0, then clearly

(0, m) = Som — {0}

m

Otherwise, if n > 0, we seek the number of partitions which contain the set n, given by p(n —
1,m—1) and the number of partitions in which n has been inserted into sets with other elements,
given by mp(n — 1,m). That is, from Eq. (46) and induction,

pn,m)=pn—1,m—1)+mpn—1,m) = {n},
m
and hence the claim.

65. [HM35] (B. F. Logan.) Prove Egs. (59) and (60).
We may prove Eq. (59).

Proposition. 2" =3, { " }2"=% for Re(z) > 0.
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Proof. Let r, z be arbitrary complex numbers such that Re(z) > 0. We must show that

o zz{rjk}zr—k.

k

In the case that Re(r) < 1, by definition and since Re(z) > 0,

r(-r) :/ e T dt
0

oo
= / e 't "dt
0
Zr—l [e’e}
= H/ ettt
Z 0
1 o0
= ﬁ/ Zr_le_tt_Tdt
z 0

1 oo
== / 2T e (2t) T dat
z 0

1 oo
— / Z’r‘flfrJrlefzttfrdt
0

zr—l

1 oo
= ) / eizttirdt
Z 0

if and only if

z IR
T — Trdt
“ r(1—r)/0 €

z

_ 7)/0 (1-w)*(—In(l —w)"d(-In(1 —u)) foret=1—u

INGREE

S [0 () e

1 —r —r
a0 ()
F(IZ—T)/O (17u)Z71u77’ (iln(liu)> du.

From Eq. (6.51)!

T L(—r)u”
r— k} m

k
B Xk: {7“ . k} F(F—(:' :L an

IRonald L. Graham, Donald E. Knuth, and Oren Patashnik, Concrete Mathematics, 2nd edition (Reading, Mass.: Addison-

Wesley, 1994), 272.
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and given the definition of the g function as

I'l—r+k)T(2)
F'l—r+k+z2)

/00(1 — u)zflukf’"du =pk—-r+1,2)=
0

we have that

S
- /01(1 —u) T Zk: {r : k}Md
S L e

O D B S e

2I(z)

S

we must show that

r+1: T‘+1 r+1—k
. ;{Hl_k}z .

But from the recurrence relations for falling factorial powers

P N (e P~
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and Eq. (46) we have that

as we needed to show. O

We may also prove Eq. (60).

Proposition. 2" =3, [",J(~=1)"2""F +0(z"—"1).
Proof. Let r, z be arbitrary complex numbers. We must show that

S ol B BT

0<k<m
By Euler-Maclaurin summation for Stirling’s approximation? we have that

In(z)

Z In(k) =zIn(z) —z+ 0 — 5

1<k<z

Bay
> SE(2k — )21

1<k<m

Bom+2
2m + 2)(2m + 1)z2m+1’

+ me,z(

In(z —7)

Z Ink)=(z—-r)ln(z—7)— (2 —7)+0 — 5

1<k<z—r
Boy,
T D D P

1<k<m

Bom+2
2m+2)(2m+1)(z — r)2m+l

+ Pm,z—r (

for an arbitrary positive integer m, constant o, “Stirling’s constant,” Bernoulli numbers

2Ronald L. Graham, Donald E. Knuth, and Oren Patashnik, Concrete Mathematics, 2nd edition (Reading, Mass.: Addison-
Wesley, 1994), 481.
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By, and 0 < ¢, » < 1, so that

2!
2" (z —1)!
=In(z!) — ln((z —r)l) - rln( )

= —rln(z Z In(k Z In(k)

1<k<z 1<k<z—r
=—rln(z) +In(z) — In(z — r) + Z In(k) — Z In(k)
1<k<z 1<k<z—r
=(1-r)hG) -hEz-r)+ Y k- > Ink)
1<k<z 1<k<z—r

=1 —-7r)In(z) —In(z — )
In(z)
2

Bsy,
D @
1<k<m

+zln(z) —z+40—

B2m+2
2m + 2)(2m + 1)z2m+1

+ ‘pm,z(

In(z —7)

—(z=—r)ln(z—=r)+(z—r)—0c+ 5

Z By,
G 2k(2k — 1)(z — r)2k-1

_ Bomyo
Pt om + 2)(2m + 1)(z — r)2m 1

=—r+(z—r+1/2)In(z) = (z—r+1/2)In(z — r)
i Z Bok (z (2k—1) _ (Zir)f(qu))

2k;—1
1<k<m

Bam42 —(2m+1) —(2m+1)
T emr2en (‘p’” 2% Pmz=r(z = 7) )
=—r—(z—r+1/2)In(1 —r/z)

+ Z Bor, (Z—(Qk—l) (2 r)—(2k—1))

2/4; 2k —1)
1<k<m
Boy2 —(2m+1) —(2m+1)
T emr2)@mi ) (‘p 2% ~$mz-r(z =) ) '

That is, so that In % is a series in which each coefficient of z~* is a polynomial in r;

T

and so similarly for the exponential

T

e Z cr(r)z F +0(z"m 1)

T
0<k<m

with coefficients ¢ (7), polynomials in 7, and with asymptotic bounds O(z~™~1), if and
only if

2t = Z c(r)z"F oz,

0<k<m
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From Eq. (44) for r restricted to the integers

== 2 [eree 2 LT e

0<k<r 0<k<r

and since [Tik] is a polynomial in r of degree 2k whenever k is a nonnegative integer,
the coefficients of 2"* hold for arbitrary complex r such that

Therefore

and hence the result

2L = Z " _(—l)kzrfk—FO(zT*m*l).

AMM 99 (1992), 410-422.
66. [HM30] Suppose x, y, and z are real numbers satisfying

(i) B <i>+(ni1>

wherex >n—1,y>n—1, 2 >n—2, and n is an integer > 2. Prove that

x Y z . .

< .
<n1>—(n1>+<n2> if and only if  y > z;
(nj_1> < (nf—l) + <:L) if and only if y < z.

PI‘OpOSitiOIl. (nf1> S (ngl) + (ni2) Zﬁy 2 2, (nﬁl) S (nil) + (rZL) Zﬁy S Z

Proof. Let z, y, and z be arbitrary real numbers and n an arbitrary integer > 2 such

()-()+(,7)

z>n—1,y>n—1,and z > n — 2. We must show that both

()= () () =
()= () () =oes

and
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We will first show the former. Since y > z,

and so x > z + 1. Given the identities

(a+7_z;1) _ (a—l—O—(—l)(n—l))

- ¥

0<j<n—1

- ¥

0<j<n—1

- ¥

0<j<n—1

- ¥

0<j<n—1

- ¥

0<j<n—1

= D

0<j<n—1

=

0<j<n—1

and

n

0<j<n

- ¥

0<j<n

n—1

(
(
(

a—(=1)j
J

a—i—j)(n—l—j) a
J n—1l—jja+j

I

a+j> a
J Ja+j

(a+7)!

0= (=D((n—-1)—-4)
(n=1)—j

a

Wa+j—j5)a+ij

ala + j)!
(a+7)j'al

(@+j—

1)!

jla+j—1-7)

a+j1)
J

(

<a+b) B <a+(b—n)—(—1)n

n

J

2 (5)65)

a+jj(a+j
a+j

J

Z <a+j—1><b
0<j<n J "

)

5 ( - <;1>j) <<b —n) - (—j})(n - J>) ﬂ from Eq. (26)

a

a+j

)6 )

—J

—J

)

)a(l)j from Eq. (26)

from Eq. (8)
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for arbitrary integers a, b; and letting z =t + a2/, y =t + v/, 2

=t+n—1,

G)-(07) - 2 (757)65)
()= ()= (5705

z _(t+n—1Y\ _ Z t+7—1
n—-1) \ n—-1 ) < j
0<j<n-1
we have that

=)+ (7))

)

t4+7—1\ [y — t4+j—1 b4+ —1\ [z —j
S ()0 S ()2 ()6
0<j<n 0< J 0<j<n J =

() ()
2 U GE) - 05)
_ (t—H;—l) B (HZ_l)J“OSg_l (t+§—1> ((;7;1

_ Z (t+;1>%_j

0<j<n—1

where

_' /_'
4ykc4
—J n—y

f—mn+1i ' —n+i
(e ()

Similarly, since ¢ increases by one as n decreases by one,

()0

0<
1<

1<

2
z
P
"2 (T )
PN
z

tJrj*l
Pn—j
J t—i—j—l
n Pn—j
0< 1

from Egs. (7), (8)

)

)
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with the understanding that in the case ¢ = 0, we define % = 0. Then, for all i,
1<i<n—1,sincex > y <= 2’ >y’ by hypothesisand 2’ = x—t > y—t > z+1—t = n,

'—n+i1-—1 —-n+i—-1
Pi—1 = Y . +1-— )
1—1 i1—1

_ 1 _(y/_ﬁ—ki)—i—l— : 1 _<x,_ﬁ+i>
Y —n+1 ) r—n-+1 )

S
T —-n+i

"—n41 i i ' —n+1
. + - — - .
) o —n+i T —n+1 7

I
H\

I
3|
-+
~

7N
Y
QQ\
|
=3
+
.
N———
+
[
|
VR
H\
|
S-s
+
.
N—
N———

but

And so finally,

262G

and hence the former result.

We will then show the latter,

jf(t+7—-1
= Z n j ¥Pn—j

0<j<n—1
L/t+j—1
> ¥ (T e
0<j<n—1 J
1 t+j—1
-1 ¥ (e
. j
0<j<n—1
-0

and it is sufficient to show that if

()= ()= ()-

implies

4
dz

then

<nj-1> N <nil> - (Z» =0

()= () () = vss
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But assuming
(i) () -C)
if(z)m(z%”z”(n)

1
_rz—n{y r—n z y—mny z—n+1 z
_n—|—1<n> n+1<n—1>_n+1<n>_ n <n—1>
- z z—y(y z—n+1 z
n+1<n—1>+n—|—1<n) n (n—l)
=0

and since x > y <= x — y > 0 by hypothesis, we have that
r—n z +x—y Y _z—n—|—1 z _0
n+1l\n—-1 n+1 n n—1
— 1
- ( )_z n+ ( z >§0
n n—1
z—n+1 z
A
n+1 n n—1
— <

EB 3

3 =

r—n z—n-+ 1
n—+1 n
Also, with d%(nfl) =2 (n) and given that - dpl = F(n+1) =nl! (—*y + Z1§kgn %)

for the Euler-Mascheroni constant +,
d (x x
i)/ ()
1d x! x!
T nldr (x — n)'/n'(z —n)!
_1(m—n)'da:'—a:'d(x—n)'/ x!

Tl ((x —n))2 nl(z —n)!

(z —n)lLal — z1d (z — n)!

x!(z —n)!

(z —n)la! (*’Y + 2 i<h<a %) z!(z —n)! ( Y+ D1 <k<a—n 11)
N z!l(z —n)!
=t ¥ gt ¥ g

! 1<k<a s 1<k<z-n :

- ¥ 1

c—nil<k<z k
_ 1
B x—k
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n d z z
n+1d(n—1>/(n—1)
B n d z! 2!
C (n+1D(n—-1)dz (2 — (n— 1))'/(n —Dli(z—=(n—-1))!
_ n (z— (=1Ll — 21 (2 — (n—1))! 2!
(n+1)(n—1)! ((z—=(n—=1)2 (n—Dlz—=(n—1))
_n (z— (=D)Ll — 21 (2 — (n—1))!
Con+1 2l(z = (n —1))!
_n (z = (n = 1)t (_'Y + 2 1<k<s %) —zl(z=(n-1)! (_7 + X i<k<a—(n-1) %)
Cn+1 (z— (n—1))!

P11
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and since for arbitrary integers k >0, n <n+1=—

k_ <k we have that

n+1 no
r—n _z-—-n+1 A k <E
n+1— n n+1 " n
r—n+k k z—n+1 &k
= < + —.
n+1 n+1 n n
r—n-+k z—n+1+k
< <
n+1 — n
— 1 . .n 1
r—n+k " n+lz—n+1+k
1 n 1
— >
Z r—k " n+1 Z —k
0<k<n-—1 0<k<n-—1
1 n 1
— — >
Z r—k " n+1 Z —k
0<k<n—1 0<k<n—2
N i T T S n i z z
dr \n n) n+ldz\n-—1 n—1
— z S " T i z i T
n—1) " n+1l\n/dz\n—-1 dr \n
— ) s o (m)de
n—1/ " n+1\n/)dz
e Lz )s L (r\d
n\n—1) " n+1\n/dz
< ! r d—m<l #
n+1l\n/dz " n\n-—1
1 z\dr 1 z
- =z <0
n+l\n/dz n\n—1

a0 -

l L x—n_z—n—I—l i z
n\n—1 n+1 n dz\n—1

and hence the latter result.

der 1 (ax\dz z—-(n-1)d [ = 1=
z n+1\n/dz n dz\n—1 n\n—1
1

z
-1

)
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L. Lovész, Combinatorial Problems and Ezxercises (1993), Problem 13.31(a); R. M. Redheffer,
AMM 103 (1996), 62-64.

» 67. [M20] We often need to know that binomial coefficients aren’t too large. Prove the easy-to-remember

upper bound
n ne\k
<[ — >k >0.
<k‘>_<k:)’ whenn>k>0

Proposition. (}) < (%)k

Proof. Let n and k be arbitrary integers such that n > k > 0. We must show that
n ne\*
< (7) .
k)~ \k
In the case that k = 0, if we adopt the convention that (%)O =1, then
0
") 1< (E) .
0 —\k
Otherwise, since clearly

and from exercise 1.2.5-24

we have that

kek

1 /ne\k
-2 (%)
ne\k
(%)
k
Hence
n ne\*
< (%)
() < G5
for all integers n > k > 0 as we needed to show. O

68. [M25] (A. de Moivre.) Prove that, if n is a nonnegative integer,

) (Z)pk(l —p)" |k — np| = 2[np] <f7”Zﬂ>pW] (1 — p) 1=l

k

Proposition. ), (Z)pk(l —p)" " F|lk — np| = 2[np] ([:m)p[mﬂ (1 — pynti=lnel,
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Proof. Let n be a nonnegative integer. We must show that

; (Z)p’“(l —p)" ¥k — np| = 2[np] <[7;]>pmp1 (1= pyrti-fmel,
But

5 ()= o=

k

k<[np]
+ rn%;k (Z)pk(l )"k —np|
- ¥ Z)pk(l p)"*(np — k)
k<[np]
£y (7)==t )
p L)t (G0 - k)
+%}<k( Y=o (k) = o D)
= k;ﬁ;ﬂ ((k+ 1)(k 1)19’““(1 —p)n D k( )pk(l —p)"“_k)
> ()t -prame = e (1 e - o)

= np] (f?Zﬂ)pW] (1 — p)+1=Tne]
+ [np] (MZﬂ)p(””] (1 —p)rti=ieel

— 2np] (MZo])pM (1 pyr+i=Tovl

as we needed to show. O

De Moivre, Miscellanea Analytica (1730), 101; H. Poincaré, Calcul des Probabilités (1896), 56-60;
P. Diaconis and S. Zabell, Statistical Science 6 (1991), 284-302.
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