Exercises from Section 1.2.9

Tord M. Johnson

May 9, 2021

1. [M12] What is the generating function for the sequence 2,5,13,35,... = (2" 4+ 3™)?
Let G(z) =3 ,,5( (2" +3") 2" be the generating function for the sequence (2" +3"). Then

G(z) = Z (2" +3") 2"

n>0
= omm 4y 3nen by Eq. (2)
n>0 n>0
= Z (22)" + Z (32)"
n>0 n>0
1 1

- . by Eq.
1-92: " 1_3; y Eq. (5)

2. [M13] Prove Eq. (11).

1es an bn n\ _ Lo<ks ()arbn—r g,
Proposition. (Zn>0 tnz ) (ano =z ) = ano Zoskan W)U Ink in

Proof. Let n be an arbitrary nonnegative integer, and (a,/n!), (b,/n!) two arbitrary
sequences. We must show that

n n bnn Z n()abn n
S| (30 o) = 37 sk WAk

n>0 n>0 n>0
But
Gn, n ’ﬂ n
Sl [l =3 > % by Eq. (6)
n>0 n20 n>00<k<n
=> > 'k' akb" k2"
n>00<k<n
n
DD DR [ PR
n! k
n>00<k<n
Z Zo<k<n akbn kzn
n>0
as we needed to show. O

3. [HM21] Differentiate the generating function (18) for (H,), and compare this with the generating function
for (3°)_o Hy). What relation can you deduce?
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If we differentiate the generating function for the harmonic numbers (H,), Eq. (18),

G(z) = Z H,2" =

1 1

In

n>0

we find that

_i 1 1 1 n 1 i I 1
T dz \1-2z nl—z 1—2zdz 1—2z

= In +

1—22 "1-2z
1 1

1 il 1
1—2z2dz nl—z

1 #£1/0-2)

1-22 "1-2z

1—-2z 1/(1-=2)
1—2z 1

1 ! 1
n
(1—-2)2 1-—2
1 1

1—2(1—2)2
1

= In +

122 "1-2

=27

11—z 1-—=z

by Eq. (16)

by Eq. (16)
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The generating function for (3 ., ,, H) is

H(z) =

>y e

n>00<k<n

ji: }¥k'1 2"

n>0 \0<k<n

Z H,z" Z 1-2" by Eq. (6)
n>0 n>0

(Z H,z" Z z"
G

by Eq. (5)

d 1
= e
d d 1
=0 - T
d

—G(2) - ;)(n +1)2" by Eq. (16)

Z(n + 1)Hpq12" — Z(n +1)z" by Eq. (14)

n>0 n>0

S (04 DHogr — (n41)) 2"

n>0

> ((n+1)Hpiy —1—n)2"

by Eq. (16)

n+1

(n+1) (Hn+1 - nL) - n) o
S (n+1)Hy — 1) 2"

1
(n+ 1)Hpy1 — ntl_ n) 2"

%l
(
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Then,

Z H,=nH, + H, —n

0<k<n

< Y Hy—H,=nH,—n
0<k<n

<= ji: Hy=nH, —n
0<k<n—1

— j{: H,—-0=nH, —n
0<k<n-—1

— > Hy—Hy=nH,—n
0<k<n—1

<= ji: Hiy =nH, —n,
1<k<n—1

in agreement with Eq. 1.2.7-(8).
4. [M01] Explain why Eq. (19) is a special case of Eq. (21).
Eq. (19),

1+2)"=> (;)z’“

k>0

is a special case of Eq. (21),

5. [M20] Prove Eq. (23) by induction on n.

Proposition. (e —1)" =n!>", {ﬁ}%

Proof. Let n be an arbitrary nonnegative integer. We must show that

(e* —1)" —n';{z}ij
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Ifn=0,
(e*—1)"=1
/0 20
~lofor
_Z{k}zk
- 0/J k!
k) z*
_0!;{0}!
Then, assuming
5 n k) 2"
@ =ny {8
we must, show )
k z
z 1 n+1 __ 1) i
(=1 (n+ )Zk:{nﬂ}kl
But
(ez 1)n+1 _ (ez _ 1)(ez _ 1)n
k) 2*
= (e — 1)n! Z
RN

1 k) =z
= (( k‘Zk) — 1) n!Z {n}' by Eq. (22)
k>0 k
= 1ok ! k i ! k i
- ( Kl ) ("'Z{n}k! LA\nS K
k>0 k k
1 . El11 4 k) 2*
k>0 k>0 k
_ 1 EN (71 & k) 2*
_n!ZH 4 (j) n}z n'Z{n}k, by Eq. (11)
k 3J k
1 (kE+1] 4 k) 2*
=nl —_ —nl i -
nzk: o {n+ 1}2 nzk: {n} o by Eq. 1.2.6-(52)
k+1 k) 2F
=n! — i
PRIk
=nl! Z(n +1) b i by Eq. 1.2.6-(46)
- +1] k!
E o) 2*
= ! Z
(n+1>'zk:{n+1}k'
as we needed to show.
» 6. [HM15] Find the generating function for
1
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differentiate it and express the coefficients in terms of harmonic numbers.

The generating function for

1
( )
0<k<n k(n - k)
is
1 n
G(z) = Z Z 7k(nfk)z
n>00<k<n
- Y i
kn—k
n>00<k<n
1 1
= Z —2" Z —2z" by Eq. (6)
<n>0n ) <n>0n )
2
= Z —Z
n>0 n
(Y by Eq. (17)
= |In 1> . y Lq.

Differentiating, we find

d d 1 \?

1 d 1
1—2zdz nlfz

=2In (1fz)difracllfz
z

1—=2
=2In

1_2(1—2) e by Eq. (16)
1 1

|
1—=2 nl—z

=2) Hpz". by Eq. (18)

n>0

=2

Then,
Glz) = / "4 awa
Jo dt

— /ZQZHnt"dt
0

n>0

-9 / Z H,t"dt
0

n>0

1 n
=2 ~Hy 12 by Eq. (15)

n>1

= Z %Hn,lz".

n>0

And so,
1
. —9H,_
2 k(n — k) i/n

0<k<n
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for n > 0.
7. [M15] Verify all the steps leading to Eq. (38).

Suppose that we have n numbers z1, 2o, , 2, and we want the sum

D DI D DR D D D DN RLLE A
1<j1<n j1<j2<n Jm—-1<jm<n 1<51 < <gm<n
expressed in terms of Sq, S5, -+, Sy, where
o J
S = E : L
1<k<n
the sum of jth powers. First, we establish the identity
. L = k1,.k2 k
E , gy w o Ly, = E Ty Xy ey (7.1)
1</ < <jm<n ki,k2,...,kn>0
kitka+-t+kn=n
Ifn=1,
E Z‘jl =X
1< <1
= l‘%
_ k1
= E xyt.
k1>0
ki=1
Then, assuming
. PR k1 ,.ko kn
E: Ljp 0 Ly, = § Ty X" Ty,
1< < <gm<n k1,k2,...,kn>0
kitkat -+ kn=n
we must show
§ . . — § ki1, .k2 kn+t1
Ljy Ly = R R R S
1< < <gm41<n+1 ki,k2,....kny120
kitka+-thknp1=n+1
But
E Ljy = Ly = E : Ljmt1 E Lji L
1<j1 < <gm41<n+1 1<jm41<n+1 1<51 < <gm <Jm+1
_ E . § k1 ,.k2 kn
- Lrg1 Ty Tp™ =y
1<jmyr1<n+1 ki,k2,....kn >0
kitka+-+kn=n
_ ki1+1 ko k 0
= Z A2 S A |
k1+1,k2,...,kn,0>0
k1+1+kot - +kn+0=n+1
ky ko1 kn .0
+ E T Ty R A
k1,ka+1,...,k,,0>0
ki+ko+14 - +kn+0=n+1
ki, k kn+1,.0
+ot E R
k1,k2,....,kn,+1,0>0
ki+ka+t+kn+1=n+1
ki k n o1
+ E Ty T X Xy
k1,k2,....,kn,12>0
kitkot+-+kn,+1=n+1
_ k1, ko knt1
= E Ly T Tpyq s

ki,k2,....kn4120
kitkat - tkni1=n+l
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as we needed to show. Now let

Then

G(z) = Z hyz*

k>0

— , Lk
_E E Tjy T2

k>01<j1<-<jp<n

f§ k E ) )
- z Ljy o Ty

k20 1<j1<--<jr<n

_ k k1, k2 k

= E z E T Ty Ty
kZO k17k27---;k7120
kithat-thn=n

- S

1<j<n k>0

= I] > 2"

1<j<n k>0

1
- H 1—z;2

1<j<n

Taking the logarithm yields

1
InG(z) =1In H T2
1<j<n J
1
-
- 1—-z;2
1<j<n
1 k
SPIPIILE
1<j<n k>1

k  k
7§:§lggn%z

k
k>1

k>1

by (7.1)

by Eq. (9)

by Eq. (5).

by Eq. (17)
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Finally,
G(Z) — eln G(z)

e (X2

k>1

_ H PR

k>1

— H z_: l (‘SY’;:]CY by Eq. (22)

Sfl/l 352/2 S’rlin/n

n>0 kl,krz;knzo 1k1/1(k1/1)! 2k2/2(k2/2)! nk"/”(kn/n)!
ki+kot-+kn=n

by Eq. (9)

n 3 Syt Syt Spe
1k1 k‘1| 2k2]€2! nknkn!’

n>0 ki,k2,....kn>0
k14+2ko+---+nk,=n

and hence Eq. (38).
8. [M23] Find the generating function for p(n), the number of partitions of n.

The number of partitions p(n) corresponds to the number of solutions of the equation ki + 2ko +
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-+ +nky, = n, where k; > 0 is the number of js in the partition. For example, for n = 5,

p(5) = > 1

k1,ka,-- ks >0
k1+42ko+---+5k5=5

—(1-542-04+3-04+4-0+5-0)/5
+(1-3+2:14+3-0+4-0+5-
+(1-142-243-044-045-0
+(1-242.0+3-1+4-0+5-

+(1-04+2-14+3-14+4-0+5-

+(1
+(1

(=)

/5
/5
/5
/5
/5
/5

o O
_ T DD D

1+2-043-044-145-0
0+2-04+3-04+4-1+5-1
—(1+14+14+1+1)/5

The generating function for p(n) is therefore obtained by making all possible combinations from
1 to n available through multiplication, so that the coefficient is the sum count of these combi-

nations, as
G(z) = Zp(n)z" = H szk.

n>0 §>1k>0

10
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For example, for n = 5,

[°]G(2) = [2°] ) _ p(n)2"

n>0
Y
i>1k>0
= [z
+ Zl~3+2-1+3-0+440+5-0
4 Zl~1+2‘2+3~0+4‘0+5~0
+ Zl-2+2-0+3-1+4~0+5-0
4 Z1'0+2~1+3'1+4‘0+5~0

+ Zl»l+2-0+3-0+4~1+5-0

1:042-0+43-0+4-145-1
4 LO0H20+3:0440451 |

_ [25] RS Zl+1+1+1+1
+ Zl+1+1+2
+ z1+2+2

+ Zl+1+3

4 z2+3
Ll
+2° 4
= [2%]72°
=1T.

So,

n>0  ki,ka, ,kn,>0
k1+2ko+-+nk,=n

:Zzn Z 1k11k2 .. ks

n>0 kka, kn >0
ki+2kat- -k, =n

:Zzn Z 1]{)1/11]@2/2_..1/(77,/71

n>0 ki,k2, kn>0
k1+ko+-+kn=n

5. 4 pl-5+20+3:0+4:045:0

by Eq.

by Eq.

11
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That is,

n>0  ki,ka, -k, >0
k1+2ko+--+nk,=n

=11> "
J>1k>0
1

B Hn21(1 - Zn) .

[G. Pélya, Induction and Analogy in Mathematics (Princeton: Princeton University Press, 1954),
Chapter 6]

9. [M11] In the notation of Egs. (34) and (35), what is hy in terms of Sy, Sz, S3, and S4?

Suppose that we have n numbers x1,zo, -+ ,z, and we want the sum
hm = § : le z : l‘j2 e § : 'rj'm = § : 'rjl o .'rj7n7
1<ji<n Jj1<j2<n Jm—1<jm<n 1<ji < <jm<n
expressed in terms of S1, S5, , .S, where
o J
Sj = § : Ll
1<k<n

the sum of jth powers. In particular, hy. But

[G(2) = [2*] ) hi2" by Eq. (35)
k>0
Skl Sk2 Skn
_ 1.4 n 1 2 n
=" 2 3 i by Eq. (38)

n>0 ki1,k2,...;kn>0
k1+2ko+--+nknp=n
k1 ko ks ka4
Sl SZ SS S4

- 2 1%t Jey 1 2F2 oyl 3Fa kg 4P oyl
K o kg ka >0 ! 2 3 4
k14+2ko+3ks+4ks=4

St Sy S8 Sy
"~ 1441 200! 300! 400!
S2 83 8% 9
1221 2111 300! 400!
S5y S Sy
1111 200! 311! 400!
100! 2221 300! 400!
SY Sy Sy s)
100! 200! 300! 411!
S5 57 53 Si 53 S3 Si
Co144) 7 12212110 7 1131l 2221 411
St S3Sy o Ss  S3 S
“utaa vyt tT

1 1 1 1 1
= ﬂs;* + Zst2 + §S§ + 39185 + 754
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» 10. [M25] An elementary symmetric function is defined by the formula
Em = Z Ty o Ty, -
1<ji < <jm<n

(This is the same as h,, of Eq. (33), except that equal subscripts are not allowed.) Find the generating
function for e,,, and express e,, in terms of the S; in Eq. (34). Write out the formulas for eq, ez, e3, and
€q.

Suppose that we have n numbers x1, xs2,- -+ ,z, and we want the elementary symmetric function
€m = E Ly E, Ljp " § Ljm = § Ljr " T
1<ji<n Jj1<j2<n Jm—1<jm<n 1<j1<<gm<n
expressed in terms of S1, S5, , .S, where
- J
Sj = E : T
1<k<n

the sum of jth powers. First, we establish the identity

Z Z Tj a2 = H (14 z;z2). (10.1)

kE>01<j1<--<jr<n 1<j<n

Ifn=1,

k
> > g w,z

k>01<5:1<1

=Sy, 2
k>0

= zo+x121

=142z

= H (1 +$j2:).

1<5<1

Then, assuming

Z Z le"'xjkzk: H (1—|—sz),

k>01<j1<--<jr<n 1<j<n

Z Z xj1-~-xjk+1zk+1: H (14 x;2).

k>01<j1 < <jp+1<n+1 1<j<n+1

we must show
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But

§ § . . k+1
m]l e m]kJrlZ

k>201<j1<-<jr+1<n+l
k
E Ljy L2

1<j1 < <Jp<Jk41

E>0 1< 11 <n+1
k
E Ljy = Ljp®

1<j1 < <Jr<Jk+1

k>01<jp41<n+1
k
> Tjy o Tz

+§ : E : Ljpp1”
1<j1 < <gr<Jk+1

k>0 jrk+1=n+1

Ljrg1?

Ljpg1?

14

= Z Z T ~~~acjkzk+z$n+1z Z Ljy "'xjkzk
k>01<j1<--<jk<n k>0 1<51 < <jr<n
= (I t+mn12) Y, Y, gy eeea et
k>01<j1<-<jr<n
—(tazaz) [[ O+
1<j<n
= JI +a2),
1<j<n+1
as we needed to show. Now let
G(z) = Zekzk.
k>0
Then
-
k>0
k>01<j1<-<jr<n
=[] +w2). by (10.1)
1<j<n
Taking the logarithm yields
InG(z) =1n H (1+2z;2)
1<j<n
= Z In(1+z,2)
1<j<n
k+1 .
-y T G by Ba. (24)
1<j<nk>1

_ Z (DM g 7h2
o k

k>1
k+lsklz

I\/M
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Finally,
G(Z) _ 6ln G(z)

_1)k+1 k
exp Z( ].) SkZ

k
k>1

= H 6(71)k+1skzk/k
E>1

= H Z l (W)J by Eq. (22)
s (s

i !

; k
JEk!
- (=0itts)*”
- TR
ki/1 ko /2
_ n Z ((_1)1+151) / ((_1)2+152) /
n>0 k1K, ke >0 k71 (ky /1)! 2k2/2(ky /2)!
=0 e, o Ee 0
(1)
nkn/m(k,, /n)!

k k 1 kn
ya oy S (=8)" ((F1)™1S)
o lklkl! 2k2]€2! nknkn' ’
n>0 E1,koye k>0
ki142ko+-+nkp=n

and hence

_ , ok
= E E Ljy * " T 2

k>01<j1<<jm<n

k ky,
Sy Y S (=82)" (=11,
o 1kl 2k2 k! nknk, ! '
n>0 k1,k2,....kn >0 "
k14+2ko+--+nk,=n

‘We then have

_ Z Sy
a= 1k1]€1!
k1>0

k)lzl
_ S
INERT
- 517
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k

o — Sit(=8)"

2= D Thiy! 2k2
k1,k2>0
k1+2ko=2

_ S (=S S (8!
T 1221 200! 100! 211!
S -8,
D) + 2

1
2_7
Sl 252,

1
2

_ SP (5" sk
€= Z 1k1k1! 2k2k2! 3k3]€3!

k1,k2,k3 >0
k1+2ko+3k3=3

83 (=8 Sy St (=S Sy SV (—8.)° Sk

© 13301 200! 300! 111! 211! 300! © 100! 200! 3'1!

and

3 Si(=8)™ Sk (—Sy)™

k1 k2 kg k4
oy s s 20 1k1kq! 2k2kol 3kskgl 4kaky!
k142ko+3ks+4kys=4
_SE(=82)" S (=84)" | SE (=)' SY (—Su)°
T 1441 200! 300! 400! 1221 2111 300! 400!
LS8 S (800 8P (=S5)° S (=S80)"

€4

SY (—52)° S§ (=S
1111 200! 311! 400! 100! 2221 300! 400! 100! 200! 300! 411!
S 852G, Sy 82 -8,

= — _—— Si -
n e Tyttt
1 1 1 1 1

= ﬂsf - 151252 + 35155 + gsg - 5%

[Isaac Newton, Arithmetica Universalis (1707); D. J. Struik, Source Book in Mathematics (Har-
vard University Press, 1969), 94-95]

» 11. [M25] Equation (39) can also be used to express the S’s in term of the h’s: We find S; = hyq,

Sy = 2hy — h3, S3 = 3hg — 3hihy + h3, etc. What is the coefficient of A}*h52 ... hEm in this representation of
Sm, when ki + 2k + - - mky, = m?
From Eq. (39),
1
hn = — Sichn—
LS S

1<k<n
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for n > 1; or equivalently,

< nh, = Z Skhnfk

1<k<n 1<k<n
= nhy=Suho+ > Skhnx

1<k<n-—1
<~— S,hg =nh, — Z Sthn—_k
1<k<n-—1
— S, =nh, — Z Sihn_k.
1<k<n—1
Note that for G(z) = >, hi2*,
S k
3 ’“]: = InG(z) by Eq. (37)
k>1
=In ) hzt
E>0
=1In| ho® + Z hiz*
k>1
=In|1+ Z hkzk
k>1
-1 m—+1
=> = > iz by Eq. (24)
m>1 m k>1

-1 k—1
N

k>1 m>1
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By the multinomial theorem!, Eqgs. 1.2.6-(42) and 1.2.6-(41),

S ,m
2=
m

m>1
m
=y CU e
m>1 m k>1
(-1 AR
m>1 1<k<m
(=™t 2 "
s
m2>1 1<k<m
(—1)m-t m K
— =~ 7 h J J
> m 2 [ H (k')
m>1 E1,k2,.... k>0 1<j<m

kitke+-+kn=m

(—1)m-1 m! kg
m Z kilks!. .. k '1 H (hjzj)

m2>1 k1,k2,...;km >0
kit+kot--+km=m

(=)™ ' (m —1)! ki jk;
2. Teilkal . T II »=

m2>1  ki,k2,....k, >0 ’ T 1<i<m
kot otk =m
- Z (—1)krthatothn =1 4 ko 4 oo oy, — 1)
o 1! |
S k30 kilka!. . k!
kitkot-tkn=m
hlfl hl2€2 . hfnm,zkl+2k2+"'+Mkm,
= > (—L)futhet b oy 4 kg + o A+ g — D!k ko
- Eylko! .. k! L
m>1 k1,ka,....km >0 m
k1+2k2+--+mky,=m
Hence,
PR
m>1
kn kot —1
-y y L hethe Uik
o kol o o | L2
kilka!l - k!

m>1 k1,k2,....km >0
k1+2ke+---+mkpy=m

That is, the coefficient of h]flh§2 -+ hEm in this representation of S,,,, when ky +2ko+- - -

1S
(—1)k1+k2+m+km71m(/€1 + kQ 4+ -4 km — l)l/klle' ce km'

[Albert Girard, Invention Nouvelle en Algébre (Amsterdam: 1629)]

18

» 12. [M20] Suppose we have a doubly scripted sequence (@) for m,n = 0,1,...; show how this double
sequence can be represented by a single generating function of two variables, and determine the generating

function for ((")).

1See H. Richter, Ein einfacher Beweis der Newtonschen und der Waringschen Formel fiir die Potenzsummen, Archiv der

Mathematik 2 (1949) 1-4.
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Given a sequence (am ) = ((')) for m,n > 0, we find the generating function to be

n
§ am)nwmzn — § : wm 2™
m

m,n>0 m,n>0
= (1 +w)zn by Eq. (19)
n>0
= Z(z +wz)"
n>0
=1/(1 - (z4+wz)) by Eq. (5)
=1/(1-2z—wz).

13. [HM22] The Laplace transform of a function f(z) is the function

Lf(s) = /0Oo e " f(t)dt.

Given that ag, ay, asg, ... is an infinite sequence having a convergent generating function, let f(x) be the step
function ), ax[0 < k < z|. Express the Laplace transform of f(x) in terms of the generating function G for
this sequence.

Given the step function f(z) =3 <)<, ax and generating function G(z) of (a,) as

G(z) = Z anz",

n>0
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we have that

14. [HM21] Prove Eq. (13).

We may prove Eq. (13).

Proposition.

n mod m=r

Lﬂ$=/w‘“ﬂ)

72/

n>0

_Z/n

n>0

n>0

s
>y [T

7stf

_Stdt

Z are”Stdt

0<k<n

_Stdt

n>00<k<n“™

S oaf

n>00<k<n

_Zf

n>0

=D fn) —e

n>0

= fn)(

n>0

_Zf

n>0

=> f(n

n>0

= fn)e

n>0

=> fn

n>0

=2 Ul

n>0

41
/ e~ Stdt

n+1

n

-1 —sn
)

-1
Zl sty _

e~Sm _ s(n+1))/5

Je " s =Y f(n)e

n>0

s — Z fln—=1)e"""/s

n>1

Je /s — Z fn—=1)e""/s

n>0

f(n—=1))e*"/s

—s(n+1)/8

= Z ane” " /s

n>0

= an(e™)"/s

n>0

=G(e™%)/s.

n>0 an 2"

_ 1
—m 20§k<m

whrG(whz).

Proof. Let m and r be arbitrary integers such that 0 < r < m, and let w = 2™¥/™ =
cos(2m/m) + isin(2w/m). If G(z) is the generating function for (a,) = ag,a1,..., we

20
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must show that

But given w = e27/™

that n mod m =r,

D

n>0

n mod m=r

and hence the result.

2

n>0
n mod m=r

apnz" =

w T G(W2).
0<k<m

and the sum of the geometric progression for n restricted such

anz

n

n>0
n—r=0

(mod m)

n>0
m
= — g [n—r=0 (mod m)]a,z"
m
n>0
— E apz"[n—r=0 (mod m)m
n>0
1
=— ) ap2"[n—r=0 (mod m)] E 1*
n>0 0<k<m
1 _ ,
- anzn 2 : (1(n r)/m)k
m
n>0 0<k<m
1 —
_ 72 :anzn § : ((_1)2(n T)/m)k
m
n>0 0<k<m
1 i(n—
:75 :anzn § : (627rz(n r)/m)k
m
n>0 0<k<m
1 _
72 Cann § : (wn r)k
m
n>0 0<k<m
1 _
- § (ann E wk(n r)
m
n>0 0<k<m
1 _
- § a"z" E wk(n r)
m
n>0 0<k<m
- § a2 2 wkn kr
n>0 0<k<m
72 anz 2 wfk'r kn
m
n>0 0<k<m
1 _
- § w kr § anwk:n n
M <hem n>0
1 _
- § w kr § an(wkz)n
m
0<k<m n>0
1
— E w G (W),
m
k<m

[exercise 1.2.6-38]

21
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15. [M28] By considering H(w) = _, 5, Gn(2)w", find a closed form for the generating function
" (n—k\ , "2k —n—1 &
Gu =3 (" )= (T e
k=0 k=0
In the case that n > 0, we have that

> (")

0<k<n

<Z< <<n_:_1)+(n;le)>zk by 1.2.6-(9)
Sl G E S G &

0<k<n 0<k<n

(n—n—l)n (n—n—l)n
z" + z
n n—1
n—k—1\ ;. n—k—1\ ,
+ Z K )z + Z ( E—1 )z

0<k<n—1 < 0<k<n—1

0+0
n—k—1\ , n—k—1\ ,
i )z + Z ( k1 )z

0<k<n—1

Gr(2)

_ n—k—1\ , n—k—1\ ,
- X () 2 )
0<k<n-—1 0<k<n-—1
n—k—l)k <n—k—1)k (n—l)o
= Z 20+ Z z" + z
0<k<n-1 ( k 1<k<n—1 k—1 -1
B n—k—1\ , n—k—1\ ,
= ( i )z + < b1 )z +0
0<k<n-—1 1<k<n—1
B n—Fk—-1\ . n—k—1\ ,
- X () 2 )
0<k<n-1 1<k<n—1
n—k—1\ , n—k—2\ ;.
- Z ( L )z + Z ( ) )Z
0<k<n-—1 0<k<n—2
_ (n—1)=k\ 4 (n=2)=k\
= Z ( I 2"+ z Z i z
0<k<n-—1 0<k<n-—2
1) - )
= Z ((n k) k)zk+z Z ((n k) K 2F +6n, 0;
0<k<n-—1 0<k<n—2
= Gn-1(2) + 2Gp_2(2) + dn.0;

22
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and in the case that n = 0, we have that

Gu(2)= <Okk>zk

0<k<0

I
Y
o
(=2
o
~_
S
(e}

=6n,0
(n=1) = kY 4 (n—2)—k\ 4
= Z ( i 2V +z Z f z¥+6n,0
0<k<n-—1 0<k<n—2
= Gn_l(z) + ZGn_Q(Z) 4+ 0n.o
That is, in either case,
Gn(z) = anl(z) + ZGn72(Z) + 5n,0'
Then,
H(w) = Gp(z)w™
n>0
= Go(2) + G1(2)w + Ga(2)w? + - -,
WH (w) = Go2)w + Gy (2)u? + Ga(2)w’ + -+,
2w?H(w) = 2Go(2)w? 4+ 2G1 (2)w® + 2Go(2)w? + -+ ;
so that

= Go(2) + (G1(2) = Go(2))w + (G2(2) = (G1(2) + 2Go(2)))w® +
= Go(2) + (G1(2) — Go(2))w + (Go(2) — (G1(2) + 2Go(2) + 62,0))w* +
= Go(2) + (G1(2) — Go(2))w + (G2(2) — Ga(2))w?* 4 - --
= Go(2) + (G1(2) — Go(2))w
= Go(2) + G1(2)w — Go(2)w
= Go(2) + (Go(2) + 2G_1(2) + 61,0)w — Go(z)w
= Go(2) + Go(z)w — Go(2)w
(2),

23
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Then, if z #£ —i,

H(w)
= ZGn(z)w”
n>0
=1/(1 —w — 2w?)
1
1
1

1- 21 -VI+d)w— 31+ VI+4)w+ (1 +VI+4z — I+ 4z — (1 +42))w?
1
1-10-VI+4)w—- 10+ VI+d)w+ 11+ VI+42)(1 - VI+4d2)w?
42
4o? — 222(1 — 1+ 42)w — 222(1 + V1 4+ 42)w + 22(1 + V1 + 42)(1 — V1 + 42)w?
(1 4+ V1 +42)2v1+ 42 — V1 +42(1 — 1+ 42)w)
(2V1+42z —V1+4z(14+V1+42)w)(2vV1 +4z — V1 +42(1 — V1 + 42)w)
(1 - VI+42)2vT+4z — VIF4z(1 + 1+ 42)w)
2V1+4z —V1+42(1+V1+42)w)(2vV1 + 42 — V1 +42(1 — V1 + 42)w)

B 1+V1+4z B 1-V1+4z
VI + 42— VI 420+ VI A w  2V1F4z— V1+4z(1—VI+ 42w
B 14+ v1+4z _ 1—+V1+4z
I+ VI 4z(+ V14w 21 +4z —V1+42(1—VI+42)w
B 1 14+ v1+4z 1 - 1 1—+14+4z 1
 V1+4z 2 - LI, T4z 2 [QEpEVEEEN
1 <1+\/1+4z>z<1+\/1+4z>nwn
- '1+4Z 2 n>0 2

1 <1—\/1+4z>z<1—\/1+4z)nwn

V1+4z 2 , 2
n>0

1 Z(1+\/1+4z)"“wn_z(1—\/1+4z>”“wn
- ‘1+4Z n>0 2 n>0 2

! <1+\/1+4z>”+1_(1—\/1+4z>”+1 o
_n>() 1+4Z 2 2

if and only if

Gn(2) = ((H\/;""ﬁylﬂ - (W)”H) /m;

24

by Eq. (5)
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S
2n
0
1 1
= Z T — by Eq. (6)

I
]
N
g
3
S
_|_
=

so that for n > 0,
1
Gn (4> = (’Il+ 1)/2n
Hence, for n > 0,

((ug@)"“ _ (1@1@)"*1) /m if 241

(n+1)/2" otherwise.

Gn(z) =

16. [M22] Give a simple formula for the generating function G, (2) =3, Anir2®, where ayp, is the number
of ways to choose k out of n objects, subject to the condition that each object may be chosen at most r
times. (If » = 1, we have (2) ways, and if r > k, we have the number of combinations with repetitions as in
exercise 1.2.6-60.)

We want to find ay, 1, the number of ways to choose k£ out of n objects, subject to the condition
that each object may be chosen at most r times.

Letting z be the formal parameter of our generating function G, (%), the number of ways to
choose an object zero times is [2°]G10(z) = 1; the number of ways to choose an object one time
is [21]G11 = 1; and the number of ways to choose an object r times is [2"]G1, = 1. That is,
Gi1,(2) =14 2z4---+2". For n classes of objects, this is then given by the generating function

1— Zr—i—l

Gnr(z) =(1+2z+---+2")"=( 11—~

)"
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In the case that » = 1, we have that
n n k
Gra(z)=(1+2)" =) L)
k

or equivalently that a, ;1 = (Z), and in the case that r > k,

Gnr(2)=(1+24--)"

= : "

(-2

(e

Zk:(l)k<k(n+ll:1)1)zk

- (” + Z - 1) o by Eq. 1.2.6-(17)
k

as shown in exercise 1.2.6-60, or equivalently that a,, 1, = (”+:_1) for r > k, r — oc.

[exercise 1.2.6-60]

26

17. [M25] What are the coefficients of 1/(1 — 2)" if this function is expanded into a double power series in

terms of both z and w?

We have

-y (‘(“’ e 1) (—2) by Ea. (20)

=Y (-1)* (—:}) P
(

_ zk:(_l)k (—w)E /K1) 2* by Eq. 1.2.6-(3)

= Ek:(—l)’“(—w)’“z’“/k!

- zk:wkzk /k! by Eq. 1.2.5-(20)

— Xk: H (w4 n)z" /k! by Eq. 1.2.5-(19)
k 0<n<k-1

Yy L’j W ) by Eq. (27)
b

= kz; m w2 /KL
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» 18. [M25] Given positive integers n and r, find a simple formula for the value of the following sums: (a)
D i<k <ka<<ko<n K1k2 .. Kp; (D) Zl<k1<k2< <k,<nk1k2.. k.. (For example, when n = 3 and r = 2 the
sums are, respectively, 1 - 2—|—1 3+2-3and1-14+1-2+1-3+2-2+2-3+3-3.)

We may find simple formulas for the sums, given positive integers n and 7.

a) For El§k1<k2<m<kr§n kiks ...k, we have

z):Z Z ky---kp2?

§>0 1<k <--<kp<n

= H (1+j2) by exercise 10

1<j<n
=" ] (i +j)
0<j<(nt1)-1
:z”+1§k: ["Zl] (i)k by Eq. (27)
= yntl Z [n 2:_ 1] z 7k

|:n+1:| n+1—k
n+1 L
n+1l—r|""’

so that the formula is given by

1
3 klkg...kr:[ ”J{ }
1<k <ha<-<kp<n n+l=r

2
2

b) For Zlgklgkzgmgkrﬁn kiks ...k, we have

z):Z Z ky--- k.27

§>01<ki <<k, <n

= H L - by exercise 7
1<j<n - IF
1
H1gj§n(1 —Jjz)
Zn
=z

— Z {:}zk by Eq. (28)

2

SR

so that the formula is given by

Z kiks.. . k

{”*T}
ok, .
n
1<ki <ko<--<k,<n
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19. [HM32] (C. F. Gauss, 1812.) The sums of the following infinite series are well known:

1 1 n 1 1 n n 92 1 1 n 1 1 " s
R _ — = o= In2: R _ — = e — —
2 3 4 ’ 3 5 7 4’
1 1 1 ™3 1
l—--4-—-——+-+-=——+-In2.

AT g T3™

Using the definition
1 1
g
"1 n n+cx
found in the answer to exercise 1.2.7-24, these series may be written respectively as
1 2 1 1 3 1 1
1- §H1/2; 3 *ZH1/4+1H3/4; 1 6H1/6+6H2/3~

Prove that, in general, H,,, has the value

2pk k
gfzcot‘737r71n?q+2 Z COSLW'IHSiH*TF,
2 q q

p 0<k<q/2
where p and ¢ are integers with 0 < p < ¢. [Hint: By Abel’s limit theorem the sum is

1 1
: } : L ptng
xl—lgl— (n n—i—p/q)x '

n>1

Use Eq. (13) to express this power series in such a way that the limit can be evaluated.]

Proposition. H,,, has the value

2pk k
H, = q_ gcot Pr_ In2q + 2 Z cos P2 Insin -,

p q 0<k<gq/2 q q
when p and q are integers with 0 < p < q.

Proof. As a preliminary identity, observe that

. , i0/2 _ ,—i0/2
In(l — ey =1n (2 i(0—m)/2¢€
n(l—e")=In ( e —

4 i0/2 _ —if)2
=In2+1n (ez(a_”)p) +In %
i

0i0/2 _ o—i0/2

1
:ln2+§i(9—ﬂ')+ln 5%

1 0
=In2+ 52’(9—71‘) + Insin 3 (19.1)

Let p, g be artibtrary integers such that 0 < p < ¢, and define H, as

m=Y (1)

n>1

for any nonnegative rational number z. We must show that

2pk k
:g_gcotgﬁ_lnzq—f—Q Z cosiﬂﬂlnsinfﬂ.

p 0<k<q/2 q q

Hp/q
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We have

Hyra =2 (Tll - n+1p/q) '

n>1

By Abel’s limit theorem,

S Yo S (A Yare
n n+p/q) a=l-L=\n  n+p/q

n>1

Then

)

For the left sum,

1
Z — pptna
n

n>1

— P Z %(xq)n

n>1
(71)2n+1
— _ P q\n
=y U )
n>1
(-1
— _ P N 77 (pd\P

—2PIn(1 — z9). by Eq. (24)
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For the right sum with w = e2mi/a,

1
n21n+p/q

- _ Z prﬂw
p+ng

n>0
p+ng mod g=p

P — Z q LPtng
7>0 p+ng

p+ng mod g=p

1
= dgp = Z w™hP Z L g by Eq. (13)
p 9 0<h<q n>1

9 _ Z wkp Z %(wkx)”

0<k<q n>1

pPtna

4
p

= =zP 4+ Z w P In(1 — wkz). by Eq. (24)

That is,

Hp/q = lim Z wkp In(1 — wkx) —2PIn(1 — 29) + gxl)

r—1—
0<k<q p

Continuing in the limit as z — 1—,

Z w*In(1 — wkz) — 2P In(1 — 29) + dop
p
0<k<q
= Z w P In(1 — wkz) + In(1 — z) — 2P In(1 — 29) + g pp
p
1<k<q
= Z w P In(1 — wkz) + In(1 — z) + %xp —2PIn(1 —2?) 4+ 2P In(1 — z) — 2P In(1 — z)
1<k<q

1 — g
= Z w_kpln(l—wka:)+(1—xp)ln(1—x)+]%xp—xpln T ’

1<k<q

(19.2)
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The limit of the first term is

Il
\M‘

- Y W

1<k<q

d o w

1<k<q

2.

1<k<q

whp (ln2+ imk _im
q

kp

2

2

1 2k
(ln2+2i(27rk/q—7r)+lnsin T /q)

)+

2

ik 4 k
—kp (ln2—|— o —|—lnsin7r>
q q

_ .k
E w P Insin —,
1<k<q q

and the limit of the remaining terms of (19.2) is

r—1—

1—-27 ¢

lim (l—xp)ln(l—x)—f—gxp—xpln == —Ing;
p

1—x P

by (19.1)
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but

32

1<k<q
I .
Z w P In2 4+ Z pimk Z wflcp%T
1<k<q 1<k<q q 1<k<q
In2(w=Pl=-1b — 1) kp Tk T
= - _|_ Z p Z w kL
1<k<q 1<k<gq
In2(w—Ple—1 _1q p(g—1) Pq -1 g
o ), ) £ ) gy
wP —1 q(wP —1)2
1<k<q
In2(w ) 1) imw ) (g(—wh) £l g - 1) m(w D 1)
N wP —1 q(wP —1)2 2(wP — 1)
_ —In2(wP - 1) inw PO D (g(—wP) + WPl +q—1)  im(wPle=D —1)
N wP —1 q(wP —1)2 2(wP —1)
m2 4 imw—Pla— U(q( —wP) + WPl 4 q—1) Z'ﬂ-<w—p(q—1) ~1)
=—In
q(wP —1)2 2(wP — 1)
ma 4 inw PO D (g(—wP) + WPl +q—1) im(wP — 1)
=—In
q(wpP —1)2 2(wP — 1)
) 2+z7rw Pl (g(—wP) + WPl 4 q—1) ir
=—In -
q(wp —1)? 2
i imw P (g(—wP) + wP 4 q — 1)
= —m2+ 7
n2+ B + dwr = 1)
m2 in imw PA=D (g(—wP) + q)
e n R
2 q(wr — 1)
i imw PO (—wP 4+ 1)
— 24+ &
n2+ 5 + @ — 1)
im  arwP(wP — 1)
R PR
(28 1mwP
R M
i X
— 2+ "
SR M— |
i i
— 2+ "
n2+ 5 + T
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and
k
Z w kP lnsin =7
1<k<q q
k
= Z (w_kp +w_(q_k)p> Insin —7
1<k<q/2 q
— 2k k
= Z 20 P/2 cog (77])((])) Insin —7
1<k<gq/2 q q
— 2k k
=2 Z cos <7Tp(Q)> Insin —7
1<k<q/2 q q
2 2mpk k
=2 Z cos <7qu — 7Tp> Insin —7
e 2q q q
a/2
2mpk k
=2 Z cos <_7rp> Insin —7
1<k<q/2 q q
2pk k
=2 Z cos Lw -Insin —m.
0 p
<k<q/2
Finally,
1 n 1
2 wP-—1
1
——cot gw.
2 g
Hence,
2pk k
Hyyq= q_ gcot 1277*1112(]4*2 Z cosiﬂﬂlnsinfﬂ,
p q 0<k<q/2 q

as we needed to show.

[exercise 1.2.7-24; C. F. Gauss, §33 of his monograph on hypergeometric series, Eq. [75]; Abel,
Crelle 1 (1826), 314-315]

20. [M21] For what coefficients ¢,y is Y, 002" = YLy emrz®/(1 — 2)M 17

33
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First, observe that multiplying both sides of Eq. (20) by 2" yields

2" n n+k\ g
(1_2)n+1_z Z( n )Z

k>0

k
()
n

>
Vv
=}

Il
3
\\/M |
o
RS
> 3
N—
N
3

‘We then have

Z‘}nkz" by Eq. 1.2.6-(45)

so that

m
Cm.k = k'{k‘}

21. [HM30] Set up the generating function for the sequence (n!) and study properties of this function.

Let G(z) = _,,>o n!2" be the generating function for the sequence (n!). Given the recurrence

n!l=n(n—1)!+[n=0]

34
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we have that

G(z) = Z nlz"

n>0
= Z n(n —1)z" + Z z"
n>0 n=0
= Zn(n —DIz"+1
n>0
= Z(n + Dnlz" T+ 1
n>0
= Z(n)n!z"“ + Z nlz" 41
n>0 n>0
= Z(n)n!z"“ +z Z nlz™ +1
n>0 n>0
= Z(n)n!z""‘1 +2G(2)+1
n>0
=> (n+1)(n+1)z"" 4 2G(2) + 1
n>0
=22 Z(n +)(n+1)2" +2G(2) +1
n>0
=22G'(2) + 2G(2) + 1. by Eq. (14)

This is the ordinary differential equation
20 (2)+ (2 = 1)G(2) +1 =0,
satisfied by

_e—l/z
) = T (Bi(-1/2) +0),

for the exponential integral F1(z) = f:o =

—e1/= > 1
Gz) = = </1/Ztetdt+0>,

dt and constant C; that is,
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since

4 =2 (Br(-1/2)+.0))

—e V= ¢ d —e1/2
=— 5, ([B(=1/2) +O) + — (E1(=1/2) +C)
—_e~lz ¢ A (—e7M2) g4 e /2y
=— £(E1(71/z)+0)+ & ( )Z2 =" (B (—~1/2) 4+ C)
—e~ Yz g —eVEd (—1/z)z 4 e7V/®
=SB/ +0) + =
—e 2 q —e VE(1)2%) 2+ e V?
= LB+ 0+ 5

—e V% g —e V2 (1/z) +eV/*

= LB/ 40+

dG d (—e‘l/z

(Er(=1/2)+C)

(E1(=1/2)+C)

5 (Ey(~=1/2) +C)

—e~ Uz ¢ —e~Vz 4 e1/2
=~ (Bi(-1/2) + O) + —————— (Bi(~1/2) + O)

z dz
1)efl/z

—€7l/zd (Z—

= —— 5 (Bi(=1/2) + O) + ———— (Ea(-1/2) + )
—e Y% q z—1—e1/?

= —— 2 (Bi(-1/2) 4+ C) = —=——— (Bi(=1/2) + O)

—_e~ /2 ¢ z—1

=~ C B2+ O) - T6G)

—e V% g < 1 z—1
= — —dt+C | — G
z  dz (/ 1/ tet + ) z2 (2)

and

20 (2)+ (2 - 1)G(2) +1

= ;2 <—212 (1+(z— 1)G(z))) +(z = 1)G(2) +1
=—(1+(z-1DGR)+(z-1DG(2) +1
=-1-(z-1G(z)+ (2 —1)G(2) + 1

=0.

36
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This generating function diverges, as may be verified using the root test, since for positive n,

by exercise 1.2.5-24

2
|

is unbounded.

[K. Knopp, Infinite Sequences and Series (Dover, 1956), Section 66 [sic]]
22. [M21] Find a generating function G(z) for which

> WEEE) -

ko+2k1+4ka+8k3+---=n

N
=
Q
—~
N
~—
I

As a preliminary, observe that if z is an arbitrary complex number such that |z| < 1, we have
that

since

=1
J
T 2 2 2°
—jlinoz(l z)(l—l—z)i_l_[Q(l—i-z)
J v
T _ 92 9l
= Jim (1) IL(1++%)



Exercises from Section 1.2.9
Now, for the given sum,

> (’")<T>(T>
kot 2Lk, 132k b mn N0/ \F1/ B2

we may generate the (,l) terms for all ¢ > 0 using the binomial theorem as

THEE

k?ZO ' kzZO v
i T

gt
:(1—|—z ) ,

and then multiply them together to arrive at the equivalence

> (D)
20ko+21 k1 +22ka++-=n ko) \k1) \k2
(1+z20) (l—i—le) (1+z22)

I I
— =
/N =
— -
M S
[\ ~——"
——

Incidentally,
= (—r) (—z)"1— " by Eq. 1.2.6-(13)

-y (” — (=) - 1) 2" by Eq. 1.2.6-(17)
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23. [M33] (L. Carlitz.) (a) Prove that for all integers m > 1 there are polynomials f,(z1, ..., 2mn) and
gm (21, ..., 2m) such that the formula

T kl km—l n—r T
Z <n_k1)<n_k2)"'(n_km)zfl"'zzm:fm(zlw-wzm) Im (21,5 2m)
Kty ko >0

is an identity for all integers n > r > 0.

(b) Generalizing exercise 15, find a closed form for the sum

B k1 ko k ke ko
Sn(21, -y 2m) = Z <n—k2)<n—k3)'”<n—k1>zl ez

k17~~-,km20

in terms of the functions f,, and g,, in part (a).
(c) Find a simple expression for Sy, (21,...,2m) when 21 = -+ = z,,, = 2.
The answers to exercise 23 follow below.

(a) We may prove the identity.

Proposition. For all integers m > 1 there are polynomials fu(21,...,2m) and
Im (21, -, 2m) such that for all integers n >r >0,
k K —
2 () ()
kv v B >0 VU T RL/ N R = Fm
= fm(z1, oy zm)" T gm (21, 2m)"

Proof. Let m be an arbitrary positive integer. We must show that there are poly-
nomials fy,(21,...,2m) and gm(z1,..., zm) such that for all integers n > r > 0,

r kl km—l k1 Ko
3 <n_k><n_k> (n_km)zl e
k1 km >0

,,,,,

)TL—T'

:fm(zla--~7zm gm(’zla"'azm)r~

We proceed with a proof by induction on m.

In the case that m =1, let f1(z1) = 21 and ¢1(21) = 21 + 1. Then we must show in
this case that

> <njk1>zf1 = [i(z)" " (=2)"

=21 (z1 +1)".
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Ifr=0,

Then, assuming

But

|
g‘\/\
I <

ol

=

~__

I

—

+

]

(0=t
k10 (nf].)*kl 1

=+ 1) + 2Tz 1)

= (zf_r + zin_l)_v (z1 +1)"
= (z{“r + 2?7(r+1)) (z1+1)"

zlz?_(ﬂrl) + z?_(rﬂ)) (z1 +1)"

—(T+1)(21 + 1)(21 + 1)7“

As our inductive hypothesis, we assume that there are polynomials f, (21, ...

and g, (21, ..., zm) such that for all integers n > r > 0,
T kl km—l k1 ko
3 <n_k1) (n—kg) (n_km>zl L
E1yeeorkin >0

gm (21, 2m)"-

n—r

= fm(z1,--+y2m)

40
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We must show that there are polynomials f,,1+1(21, -+, 2Zm+1) and gmy1(21, - -+, Zma1)
such that for all integers n > r > 0,

Z < r > < k1 > (k(m+1)—1>zk1 ka+1
— _ tt _ 1 - *m+l
k1,eeiskm4120 n kl n k2 n karl

= frt1(21, s Zmt1)" Imt1 (215 Zm) "

But, set 2y, < zm (1 + 2.} 1), and let

fm+1(217~'~7zm+1) :Zm+1fm(zl, (1+Zm+1))
Im+1(21, s Zmg1) = Zmgrgm (21, -5 2m (1 + Zm+1))
Then
Fmt1(215 s 2ma1)" " gmr1 (21, Zmg1)”
= (Zm+1fm(zla~' Zm(]- +Zm+1)))nir (Zm+1gm(21,.. Zm(]‘ +Zm+1)))r
= Zymy1Sm(21,- . zm(1+zm+1) gm (21, .. zm(1+zm+1))r
n m—1 k1 -1 km
= zm 41 Z (n—lﬁ) (n—k2> (n )zl (4 200)
k1,~~7km20

1 k - _ o
Zma1 Z (n )( k) ( m— )le...zﬁl (1421 )"
K1,k >0 2
k1 X
SAVED SN R | (R I () B
k1,..km >0 n— ki n—ky
k _

3 (el
km4+1>0 m+1

k K

> ( rk>< 1k>< m}{l)ﬁl...zfnm
kise.km >0 n=h n— 2 n—FRm
k ks

X (o Y
km4+1>0 m+1

k K

Z ( i )( ! )( ml)zfl...zfgn
k1, km >0 n— ki n — ks n_knL
3 <k<m+1)1) Font1
Zm+1

n—=k
Emg1>0 m+1

Z r k1 k‘(m+1)—1 S SRme
n—t) k) 1 e Zma -

k1yeiskm120

=

This is what we needed to show. O
Note that f,,(21,- .-, 2m) obeys the recurrence
0 ifm<0
fm(zla---azm): 1 ifm=0

Zmfm—1+ Zm—1fm—2 otherwise,
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since f1(z1) = 21 = z1.f0 + 20f-1, and if fi,(21,...,2m) = 2Zmfm—1 + Zm—1fm—2, then

Fmr1(Z15 s 2ma1) = Zmarfm (21, - Zm—1, 2m (L + z;li_l))
= Zm+1(zm(1 + Z;}‘rl)'fﬁl_l + Zm—1fm—2)
= zm+1(zmz;il -1+ Zmfm—-1 + Zm—1fm—2)
= Zm+1 (Zmz;z}i-lfm—l + fm)
= Zmzm+lz;£|-1fm—1 + Zmi1fm
= Zm+1fm + Zmfm—1;

and similarly ¢, (21, ..., 2m,) the recurrence

1 ifm<O0

ZmGm—1 + Zm—-19gm—2 otherwise,

gm (21, 2m) = {

since g1(z1) =21 + 1 = 2190 + 209-1, and if g (21, ..., 2m) = ZmGm-1 + Zm—19m—2, then

ngrl(Zla ey Zerl) = Zm+lgm(zl7 ey Zm—1, Zm(l + Z;li].))

Zm+1(zm(1 + Z;Lir])gmfl + melgm72)

—1

= Zm+1(zmzm+1gm71 + Zmgm—-1 + melgm72)
—1

= Zm+1(zmzm+1gm71 + gm)
—1

- Zm2m+1zm+1gm71 + Zm+19m

= Zm+19m + ZmYm—1-

(b) We want to find a closed form for the sum

_ ki k2 Ko, ky ,
Sl s 2m) = Z (nk2> (nk3> <”k1)zl o

k17---;k7n20

>
3



Exercises from Section 1.2.9

in terms of the functions f,, and g,, of part (a). But

Sp(z1,...,2m 1 2)
_ Z ( k1 )( ko ) .<km >Z{c1 ok
Kevvoofom >0 n—k2 n—k‘g n—k‘l
_ Z km kl km—l k1 ka
n—=ki)\n—ky n — ko, 1
ki,...,km >0
[ m km kl kmfl k1 Kom om0
=[zn] Z <n—k1) <n—k2)'“<n—km)zl 2Pmzl
k1yeooskim >0
_[.n r kl km—l k1 r_n—r+km
= [2]] Z <n - kl) <n B kQ) (n B km>zl 2"z
ki,...;km >0
r=Km
r k1 km—1 ) k ks
= [z, AR
[#n] S0 (n — kl) (n — kg) (n — k)t m
0<r<n
k Ky
=[z1] ( rk)( 1k)( k:l )zfl cglm T
k>0 NPT ML/ AT R n="Ffm
0<r<n
n . r.n—r r kl kM—l k Ko
= [Zm] 2z Zm Z <n _ k‘1> <n _ k‘2> (n _ km) 1 Zm
r=0 k1,yeooskim >0
= [Z;nn] Zrzgzirfm(zla . 7Zm)n Tgm(zlv 7Zm)r
r=0
Then,
Sn(zl, ey Zm)
=m]> 2 fm(Z1s e 2m) " g (21 2m)”
r=0
n
= [z]] Z Fm(Z1se oy 2m) " gm (21 ooy 2m) 20
r=0
= Z fm(zla ceey Zm)nirgm(zh ceey Zm)r

‘,
I
=)

I
M=

(memfl + melfm72)n_r(zmgmfl + melgm72)T

%
Il
o

[
NE

ﬁ
Il
=)

0<s<n—r 0<s<n

= Z <Z> <’/l — T) (ngm—l)rfs(Zm—lgm—g)s(szm_l)s(Zm_lfm_Q)nfrfs;

S
0<s<r<n

43
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and, by Eq. (20),

»
V
o
<

vV

= [ 2;:0<zm_1gm_2z>8<szm_1z>s S (5) sy 2 ()G

= [ 2;:0<zm_1gm_2z>8<szm_1z>s 5 () Gtz Z (") Gtz

= [ 2;:0<zm_1gm_2z>8<szm_1z>s = () Gz Z(“) Gt )™

= [ 2;:0<zm_1gm_2z>8<szm_1z>s Z () s~ S () tmetmser
= [ S;Zowm_lgm_zz)%szm_lz)s Z L (1_ Sl 2t
-3 el 5 (1) s

~ Y (Zm—19m—22)°(Zmfm-12)° ZO <s +r- s> (g 12)—

(1 - zm—lfm—QZ)s+1

= [z"] Z (m—19m—22)° (2m fm-12)° Z (s 1— r) Congmr2)"

(1 - zm—lfm—QZ)s+1

= r>0
= [2"] Z (Zm—-19m—-2%)°(Zm fm-12)° 1
= (I=zmafm—22)"" (1= 2mgm-12)°t!
= [Z”] Z (Zm—lgm—QZ)S(mem—lz)s
>0 (1 - ngm71Z)s+1<1 — melfm,22>s+1
=Y e (el )
>0 1- ZmGm—1%7 1- zm—lfm—2z (1 - ngm—lz)(l - Zm—lfm—2z)
= [ ! !
1- Zm9m—17 1-— Zm—lfm—QZ 1- Zm—lgm—2szm—1z2/((1 - ngm_lz)(l — Zm—lfm—QZ))
ZmIm—12m-1fm—222 = ZmGm-12 — Zm-19m—22m[m-12> = Zm-1fm—22 + 1
1
= [2"]

(]- - ngm—LZ)(l - Zm—lfm—2z) - Zm—lgm—2szm—lz2 '

Let

hm = Zmgm—1 t+ melfm72
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and

1—p2)1—=02)=1—hpz+ (=1)"21 - 22>
= 1—pz—02+po>=1—hpz+(=1)"21 - 2,2
= 1—(p+0)z+po?=1—hpz+ (=1)"21 22
<~ pto=hnpApoc=(-1)"z12m.

Then, since

ZmIm—12m-1fm—2 — Zm-19m—22m fm-1
= Zm—12m(Im—-1fm—2 — gm—2fm—1)
= Zm-12m((#m—19m—2 + 2m—29m—3) frm—2 — gm—2(Zm-1fm-2 + 2m-2fm-3))
= Zm-12m(Zm-19m—2fm—2 + Zm—20m-3fm—2 — gm—22m—1fm—2 — gm—22m—2fm-3)
= Zm-12m(Zm—29m—3fm—2 — 9m—22m—2fm—3)

= (—1)zm—22m-12m(9m-2fm-3 — gm-3fm—2)

=(=1)"z1- - 2zm

45
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we find

1
(1 - ngm—lz)(l - Zm—lfm—QZ) - Zm—lgm—Qmem—12:2
1
1= 2mgm—12 = Zm-1fm-22 + ZmGm—12m—1fm—22% — Zm-19m—22m fm—12>
1
1-— (ngm—l + Zm—lfm—2)z + (ngm—lzm,—lfm—Q - Zm—lgm—Qmem—l)Z
1
1—hmz+ (=1)™z1 - 222
1
(1=p2)(1—02)

2

P 1 o 1
+
p—ol—pz o—pl—-oz

(
= [="] (p St UL_[) Y o

— 0
P n>0 n>0

o
= [2"] ( p P+ 0") 2"
“\p—o o—p

n

- (£ -2

p—0c p—o

V

3
%
<}

pn+1
=" ————="
n>0 P

anrl _ o.n+1

p—0
(¢) When z; = -+ = 2, = 2z, we may simplify S, (z,...,2). In the case m = 1,

pr+or=h =2 =z,

prog = (—1)'z; = -2 = —2z,

satisfied by

z+ V22 +4z
2 9
z—V22+4z

o1 = )

2
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and in the case m > 1, since

Pm + Om = hm
= Zgm—-1+ 2fm-2
= 2(gm-1+ fm—2)
= 2(29m—2 + 29m-3 + 2fm—3 + 2fm—4)
= 2% (gm—2 + Gm—3 + fm—3 + fm—1)

=(p1+o)"
and
PmOm = (_1)m2’m
= (=)
= (plo—l)m7
we find in general that
Pm = pgnv
om =07
That is,
n+1l _ n+l
Sp(zy...,z)=PLm —m
Pm — Om
m(n+1 m(n+1
_ (n+1) _ o (n+1)
Pt — o’
(+VEF)2)" Y (- VR a2
(z+ V22 +42)/2)" — ((z — V22 +42)/2)"
1 (2 \/m)m(n+1) —(z— \/m)m(n+1)
D PO = vy LYY PO ey = CT

[exercise 1.2.8-30; L. Carlitz, Collectanea Math. 27 [sic] (1965), 281-296]
24. [M22] Prove that, if G(z) is any generating function, we have

5 (1) e 6 =+ o

k
Evaluate both sides of this identity when G(z) is (a) 1/(1 — 2); (b) (e® — 1)/z.
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Proposition. Y, (7)[z"*]G(2)F = [2"](1 + 2G(2))™.
Proof. Suppose G(z) is an arbitrary generating function,
G(z) = Zgnz".
n>0

We must show that

as we needed to show.

(a) For G(z) = %

1—-z7

S (e -2 (e ()
X (e
X () ()
-2 () 3 (o
- (1)()

2D. E. Knuth, A Classical Mind (Prentice-Hall, 1994), 248.

48
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and

since

o)

» 25. [M235] Evaluate the sum Y, (})(*"~%%)(—2)* by simpliyfing the equivalent formula >, [w*](1 —
2w)n[zn—k}(1 +Z)2n—2k_
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‘We have

Z[w’f](l — 2w)n[zn—k](1 + Z)Qn—Qk
k
= Z[wk](l - 210)”[2’”]2’“(1 + Z)2n—2k
k

= [2"] Y _[w*)(1 — 2w)"2 (1 + 2)* 2

= ["] z::[wk](l —2w)" 2 (14 2)*" (1 + 2) %
=[z"](1+2)™ Zk:[w’“](l = 2w)"2H (L +2) 7
=["|(1+2)™ zk:[w’“](l —2w)"2"(1/(1+ 2)*)*
=" +2)™" zk:[w’“](l —2w)"(z/(1 + 2)*)*
=[z"|(1+2)™ zk:[w’“](Z/(l +2)°)"(1 - 2w)"

=0 2P e/ ) Y () 2wy

k J

1 22 S b (/1 22 Y (2 (’;) w
k J

— 1 2P /P2
k

=["(1+ 22 (Z) (—22/(1 + 2)?)F

k

[G. P. Egorychev, Integral Representation and the Computation of Combintatorial Sums (Amer.

Math. Soc., 1984)]

ol

26. [M40] Explore a generalization of the notation (31) according to which we might write, for example,
[22 — 225|G(2) = az — 2a5 when G(z) is given by (1).
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[D. E. Knuth, A Classical Mind (Prentice-Hall, 1994), 247-258]
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